CS5321
Numerical Optimization

19 Interior-Point Methods for
Nonlinear Programming

(Barrier Methods)
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Problem formulation

e f(x) > cp1s avector of ¢;, ieE
s.t. CE((fE)) =0 ) > c;1s avector of ¢, iel
crlx) —s = . .

s> 0 > s 18 the slack variables

e Add barrier functions for inequality constraints.

min  f(z) - Z In s, > W is the barrier
parameter, which
st cr(2) = 0 may be reduced
cr(z) —5=0 iteratively. 2
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KKT conditions

e The Lagrangian of tl}ne original problem is
L(xz,s,y,2) = f(x) — ,LLZIII s; —yleg(x) — 21 (er(x) — s)
i=1

y and z are the Lagrangian multipliers.
Let A, and 4, denote the Jacobian of ¢, and c,.

e The KKT condition of the barrier function 1s
Vf(z) - AL(z)y — AT(z)z =0
Sz—pue =0
ce(x) =0
cr(x) —s =0
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Line-search algorithm

e Solve KKT conditions by the Newton’s method
The primal-dual system

 Vi.L 0 AR A7 || b  Vf-Apy—Ajz
0 Z 0 S ps | _ Sz — pe
Ag 0 0 0 Py | CE

A —1 0 0 D I cr — S

e Update (x, s, y, z)*=(a,p,,0p,0 p,0p,) and L,
The fraction to the boundary rule: for te(0,1)
as = max{a € (0,1] : s+ aps > (1 — 7)s}

a, =max{a € (0,1] : z+ap, > (1 — 1)z}
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Solving the primal-dual system

e Let2=S"17Z and rewr1te the

V2 L
0
Ag
A

0

by

0
—1I

AL AT
O —I
0 0
0 0

primal dual system as
" Vf— ALy — AT,
z— uS le

CE

Cr — S

The matrix become symmetric.

e Eliminate p  and reform the problem
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- V2, L AL
AE o
Aj 0

AT
O

_y-1

Vf— ALy — ALz

= — CE

cr — puZ le




Avoid singularity

e Singularity may caused by 2(some elements
goes to o) or ill-conditionness of V_2f'and A4,.

Use projected Hessian and modified X

G 0 AL Al
0 T 0 -1
Ag 0 0 0
A -1 0 0
Add diagonal shift T
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Barrier param and step length

e Barrier parameters {|, } need converge to zero.
1. Static method p ., = o, for 5,.€(0,1)
2. Adaptive methods

T
Si. Rk
- (chap 14)

e Use merit function to decide whether a step 1s
productive and should be accepted. (chap 18)

In the linear programming, tx+1 =0

b(x,s) = f(x) —p )Y s +vllce| + vler —s|

1=1
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Trust-region SQP method

e Two differences from the line search approach

Solve primal (x,s) and dual problem (y, z) alternately

Use scaling S on p..

e The primal problem

min
PasPs
subject to
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Vitps + 5pL V2, Lpy — pel S~ 'ps + 5l Ep,
Agp(x)ps +ce(x) =rE
Ar(x)py — ps + (cr(x) —8) =771

I(pz, S™1ps) || < A,
Ps = —TS.



Solving the dual problem

e Define A = [ i? _OS ] The dual problem is to

solve ] V£ ()
z — e
e Using the least-square method
{y } :(AAT)—lfl{ Vf(z) }
z — e

The solution cannot guarantee z to be positive. =
replaced by a small positive number 1f z.<0

z; — min(1073, u/s;)
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Scaling

o Letp '=S"!p. The problem can be rewritten as

min
Pz ,Ps

S.T.

Agp(z)py +ce(x) =TE

Ar(z)ps — Spl + (cr(x) —s) = 7g
|(Pzy 051 < A,

p, > —T.

e Parameter -, and r; can be computed by solving
reg = Ag(x)vy + cp(x),rr = Ar(x)v, — Svs + cr(x) — s
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min ||rgl|3 + |73

8.t (vz, vs)|| < 0.8A,vs > V(7/2)e
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Convergence theory

e Theorem 19.1: Let {x,} be the iterative points of

the basic algorithm and {p, } —0. Suppose fand ¢
are continuously differentiable. The all limat

points x* of {x,} are feasible. Moreover, 1f any x*
satisfies LICQ, the KKT conditions are satisfied.
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