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µ=10
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µ=0.1

min
x
x2 s.t. x− 1 ≥ 0

g(x) = x2 − µ ln(x− 1)

min
x

x2 − µ ln s
s.t. x− 1 = s

s ≥ 0

1.040.1

1.361

2.155

2.7810

x*µ

x∗ =
1 +

√
1 + 2µ

2



L(x, s, z) = x2 − µ ln(s)− z(x− 1− s)

Lagrangian and KKT system

Lx = 2x− z
Ls = −µ

s
+ z

Lz = x− 1− s
F =






2x− z = 0
sz − µ = 0
x− 1− s = 0

The Jacobian of F is J =




2 0 −1
0 z s
1 −1 0







Solving the Newton’s direction
Jkpk = −Fk, xk+1 = xk + αkpk

[
2 1
1 −1/σ

] [
px
−pz

]
= −

[
2x− z

x− 1− µ/z

]




2 0 1
0 σ −1
1 −1 0








px
ps
−pz



 = −




2x− z
z − µ/s
x− 1− s








2 0 −1
0 z s
1 −1 0








px
ps
pz



 = −




2x− z
sz − µ
x− 1− s







Singularity of the KKT system
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0.36

1.15
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s
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µ

1.04

1.36

2.15

2.78

x*

120.8522.08

14.377.562.72

6.573.744.30

5.503.185.66

cond(A)σ=z/sz

F =






2x− z = 0
sz − µ = 0
x− 1− s = 0

A =




2 0 1
0 σ −1
1 −1 0







Modification of the matrix

Â =




1
s
1








2 0 1
0 σ −1
1 −1 0








1
s
1




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µ

1.04

1.36

2.15

2.78

x*

23.540.12.08

4.9612.72

8.5254.30

15.36105.66

cond(Â)sσs= µz



Example of the line search

-.013.003.0142.031.014

-.001.0003.0012.0011.0015

-.073.019.0872.171.083

-0.23.0840.312.641.372

-0.52.3060.833.671.831

-2.17102540

pxkµkskzkxkk

Using µk = 0.2skzk, αk = 1



Trust region SQP

L(x, s, z) = x2 − µ ln(s)− z(x− 1− s)

minp mk(p) = fk +∇fTk p+ 1

2
pT∇2xxLkp

s.t. Akp+ ck = rk, ‖p‖2 ≤ ∆k

Lxx,ss =

[
2 0
0 µs−2

]
=

[
2 0
0 zs−1

]
=

[
2 0
0 σ

]

SQP

chap18

∇x,sL =
[

2x− z
−µs−1 + z

]
,∇x,sf =

[
2x

−µs−1
]
, Ax,s = [1,−1]

minpx,ps m(px, ps) = 2xpx − (µ/s)ps + p2x + σp2s/2
s.t. px − ps + (x− 1− s) = rI

‖(px, ps)‖ ≤ ∆



• The Hessian of model problem is getting 
ill-conditioned as s→0 (σ→∞)

• Let .  The scaled problem is

– Physical meaning of the scaling is to pull the 
solution s≅0 back to the central path fast.

Scaling

p̂s = s
−1ps

Lxx,ss =

[
2 0
0 zs−1

]
=

[
2 0
0 σ

]

minpx,ps m̂(px, ps) = 2xpx − µp̂s + p2x + σs2p̂2s/2
s.t. px − sp̂s + (x− 1− s) = rI

‖(px, p̂s)‖ ≤ ∆



Solve the dual problem

• The KKT condition:

• But is overdetermined

– Solved by linear least square (normal equation)

• For scaled system

z = (AAT )−1A

[
2x
−µ/s

]
=
2x+ µ/s

2
= x+ z/2

Â = [1,−s] ∇f̂ =
[
2x
−µ

]

ẑ = (ÂÂT )−1Â

[
2x
−µ

]
=
2x+ sµ

1 + s2
→ 2x

∇f − zAT = 0
[

2x
−µ/s

]
= z

[
1
−1

]



Example of the trust region SQP

.191.0222.051.024

.009.0002.001.005

.648.3642.611.363

2.081.102.922.112

102.005.203.001

102540

µkskzkxkk

Using µk = 0.2skzk,∆k = 1, rI = 0


