CS 3331 Numerical Methods
Lecture 10: Numerical Differentiation and

Integration
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Outline

e Differentiation

— Finite difference methods

— Richardson extrapolation
e Integration

— Newton-Cotes methods

— @Gaussian quadrature



Differentiation



Two points formula LVvF pp.426

e Given function values ..., f(x;—1), f(z;), f(z;41),--.

e Forward difference

f@iy1) — f(xy)

fl(z;) ~
Ti41 — Ty
e Backward difference
flxi—1) — f(=;)
fl(z;) =~ —— -
Ti—1 — Ty
e Central difference

flxig1) — f(zi—1)

Tipl — Ti—1

f(z;) ~



Measure the accuracyLvF pp.42s8

e Suppose ;1 = a;+h and z;_1 = z; — h.
e Taylor expansion f(z + h) = f(z) + hf'(z) + %Qf”(n)
— Forward difference f(z;41) = f(a) + hf'(z;) + 2" ()
= 1'(2) = [ ign) — F@I/R— 5 ")
— Backward difference f(z;_1) = f(z;) — hf'(z;) + 2" (1)

= £'(2) = f(io1) — F@Dl/(~h) + 5" (n)

— Suppose |f"(x)| is bounded, then the error of forward and
backward difference is O(h).
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o flz+h)=f(x)+hf' @)+ 51" @)+ L")

{ F(@igp1) = f(@;) + hf'(z;) + %Qf"@@) + fgf'"(m) (1);
flai1) = f(a) — hf' (@) + 15 () = 2" (), (2).

— Central difference : (1)-(2)

3
fipn) = FGio1) =20 () + = (f" ) = 1" ()

ey = L) T 2y )

— If |f"""| is bounded, the error of central difference is O(h?)




Three points formula LvF pp.426,429

o Given f(xz;_1),f(x;), f(z;31). The three point formula uses
quadratic polynomial to approximate the derivative.

— Forward:
P(2:) ~ —f(@ig0) +4f(x41) — 3f(x;)
‘ Li42 — T4
— Backward:
() ~ 3f(x;) — 45(:_%;.1)2+ fxi—2)
— Central:
P(2:) ~ flxig1) — f(zi—1)

Tip1 — Ti—1



SUppPOse h = Tj4o — Tj41 = Tip1 — Tj = T3 — Tj—1 = Tj—1 — Tj—2

(z—x2)(z— 373)f(331) (z— 5’71)(5’7 st)f(ﬂGz) (z—z1)(x—22) f(23)
(r1—z2) 21 —23) (zo—x1 (22 —23) (r3—21 ) (23—22)
o (z) = (2r—x0— ws)f($1)+(2$ T1— ws)f(w2)+(2$—$1—fv2)f(fv3)
(r1—z2) 1 —23) (zo—z1 ) (22 —23) (r3—21)(23—22)
Forward formula z1 = z;,x0 = ;41,73 = Tj42

(2331—5132—903)f(901)_|_ (r1—x3)f(x2) n (r1—x2)f(x3)

(r1—x22)x1—23) (r2—21N22—23) (23—71)NT3—22)
_ —=3f(z1) n 2f(x2) n —f(x3)  —3f(x1) +4f(x2) — f(x3)
o 2h h 2h 2h

Backward formula 1 = x;_o2, 20 = x;_1,x3 = x;

(r3—22) f(x1) n (r3—2x1) f(x2) _|_(2$3—$1—562)f($3)
(r1—zoXx1—23) (20—21NT2—23) (23—71)(23—72)

flz1) | 2f(x2) n 3f(xz3) _ f(x1) —4f(x2) +3f(x3)

= on T h >h

p(xz) =

p(z1) =

p'(z3) =




Central formula x1 = x;_1,20 = x;, 13 = T;j41
D (2s) = (ro—x3)f(x1) +(2$2—CE1 —5133)f(f€2)_|_ (ro—x1) f(x3)
(r1—x2)x1—23) (220—21N22—23)  (3—21)(T3—22)
_ —f(z1) n flx3) _ flx3) — f(z1)
2h 2h 2h

Second derivative

{ F(zip1) = f(xi) + hf' () + 1 ks R () + L s 2 () + O(h4 @), (1);
Flzim1) = f(x) — hf'(z) + 25 () = £ () + O(h4fH),  (2).

o From (1)+(2), f(mip1)+f(mi1) = 2f () +h2f"(z)+O(h4 F#)

f”(:l:) _ f(xi—l—l) — 2f(azz) + f(mi—l)

s +O0(h? )




Richardson extrapolation LvF pp.432

e Example, the central difference

feth)—flx—h) h?

f'(@) = D(h) = — 1" (@) + O(h™)

e Half the step,

f(@+h/2) = f(z —h/2) h?

" 4
. Sa)" @) +0omH)

f'(z) = D(h/2) =

e Richardson extrapolation

f'(z) = [4D(h/2) — D(h)]/3

hY _ fla— BVl _ [#(q (e
LGRS (G ) LD EFCELD IS

6



Numerical Integration



Newton—Cote formula LVvF pp.434

e Use polynomials to approximate functions by interpolating
function values at equidistant points.

e Closed formula: interpolate end points

— Linear polynomial: Trapezoid rule

— Quadratic polynomial: Simpson’s rule
e Open formula: interpolate mid points (no end points)

— Constant polynomial: midpoint rule
— Linear polynomial: two point formula
— Quadratic polynomial: three point formula



Error of interpolation LvF pp.295

e \What is the error when using a polynomial to approximate a
function f(z) by interpolating n points (z1, f(z1)), -, (zn, f(zn))?

— f(x) has n continuous derivatives.

— For some n in the interval containing z1, x5, -, Tn

(t—x1) - (t —2n)
n!

£(t) — p(t)] < £ ()

e If f(x) is a polynomial of degree less than n, the interpolation
b b
will be exact, so is the integration / f(x)dx :/ p(x)dz.

a a



Trapezoid rule LvF pp.434

[ 5@z =22 11(@) + 1))
e Approximate f(z) by p(z) = Zizf(a) + ‘z:Zf(b)

b — b RIONC _ f@) [ )
/a,a—bf(a)dx = a(m—b)dm—a_b[2 —bm]a

_ fla) 1,2 2 2 _b—a

= 2a—0 [b —2b° —a —2ab}— f(a)
bz —a _ S _ ) [4? ’
b _al W= a(x_a)dx_b—aIQ _a'm]a

_ /O [bQ—zab—a2+2a2}=b_af(b)



e Error of trapezoid rule

b b
| (@) —p@)dr = 1/2 [ ()@ - a)(@ - b)da

B f//(n) x3 332
— 5 [3—(a—|—b)?—|—aba§]

" (-3

12

()

a

e Composite integration: equally divide b—a into n subintervals.
Let hzb_Ta’, a=2x0,b=xp, xrp =a+khfork=1..-- n—1.

b 1 b
[ f@de = |7 f@dett [ f@)da
") + 1@+ A Gnen) + FO)]

h

= Slf@+2f@) +--+2f(@n1) + f(B)]

b— a)h?
Error of composite trapezoid: _( 12) "(n)

Y
Y




Simpson’s rule LvF pp.43s

/abf(:c)da:;::bga

[7(a) + 47 ("2 0) + 7 (0)

e Let c= (a+b)/2, and approximate f(x) by

(z —b)(z — ) (z —a)(z —b) (z —a)(z —c)

p(x) = (a_b)(a_c)f(a)-l-(C_a)(c_b) f(C)-i-(b_a)(b_c)f(b)
b(x—b)(x—c)  (hu f(a)
/a(a—b)(a—c)f(a)d‘” = (b—a)=g

b(z—a)(x—0b) . 4f(c)
/a (c—a)e_p Wi = (b-a) (6)
£(b

/b (z —a)(z —c)

. b_a)b_o W = (b-a)= =
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Error of Simpson’s rule

L%ﬂ@—p@nm;: %[jﬂﬁmxx—@@mex_wM;

@) [
24 |4

b

3 2
(aﬁ—c%—b)%;—k(abﬁ—bcﬁ—ac)%;~—abcx]

G- a

_ (4)
= 5880 A7 (n)

Composite rule: The same setting as trapezoid rule

b o T4 b
/a f@de = [T f@det [ @4 [ f@)deo

a T2 Tp—2

~ M@+ @)+ @ o1 ) +4f (1) + 0)
= 2@ +af @) +2f )+ 2/ (n2)+4f @)+ O]

(b —a)h?
180

F @)

Error of composite rule: —




Midpoint rule LvF pp.444

/abf(:lj)d:c ~

(b — a)3 7

)= W)

a—I—b

Error of midpoint rule/ f(x)dz—(b—a)f(

o Let e =4, p(a) = () @—)+ ()= [ p@)de=(-a) /(0

/abf(:c)daz—(b—a)f(c) - /b(f(:c)—p(az))da;
— /b(aj_c)Q /"

i (n)dx

') (z = o)3)
2 3

_a)?
= 02y

a

12



Other formulas LVvF pp.445

e Two point formula: 1 = 2a3+b,$2 — —a_lézb
b b—a
/a f(@)de ~ ——[f(z1) + f(z2)]
(b — &)3 1"
— Error:
T (n)

e Three point formula: xq = 3%F0 g5 = 20H20 55 — a1 30

b—a

3 [2f(x1) + f(z2) +2f(x3)]

/abf(:lj)d:c ~

14(b — a)?

(4)
26080 ¢ M)

— Error:
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Extrapolation acceleration LvF pp.446

. _ b—a (b— a)3 7
e Trapezoidrule: Ip= [f(a)—l—f(b)]—/ f(:c)dw—l——f (a)H
O((b—a)®)
a—l—b_ b (b—a)3 /"
= | f@)de "5 (a)+
O((b—a)*)

e The method (21, + I7)/3 = /abf(a:)d:c +O0((b —a)*).

— which is the Simpson’s rule:

20y + It _
3
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Romberg integration LvF pp.446

o Letb—a=~h
— 1interval: Iy = [ f(z)dz + 5 f"(a) + O(h5)
— 2 intervals: Ip = [ f(z)dx + 455" (a) + O(h5)
— 4 intervals: I = [ f(z)dz + 125" (a) + O(h5)
e Romberg integral Ry; = (41> — I1)/3, which has error O(h°)

— Ryo = (414 — I»)/3 also has error O(h?)
— Ry = (16R12 — Rll)/15 has error O(h7)

2k+2R, 1 5—Rp_
e In general, Ry = Sis =t has error O(h?kt1)

15



Gaussian Quadrature
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Idea of Gaussian quadrature LVvF pp.452

e Usually / f(x)dxr ~ c1f(x1) -+ enf(xn) gives n degrees of
freedom, if xzg,xzq1,...,xn are fixed.

o If x1,...,xzn are allowed to change, they add another n de-
grees of freedom.

b
e For example, / f(x)dr ~ c1f(a) + cof(b) can only approxi-
a
mate f(x) = a1x + g exactly. But

b
| f@)de & erf (@) + caf (w2)
can approximate f(z) = aszz3 + arz? + a1z + ag exactly.
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1

/11d:13 = 2=1c1+co

)

/ xdr = 0=cix1+ coxo
o Let [a,b] =[-1,1]. 7“1
/1x2dm = 2/3261$%+62$%

1
/ . 3dr = 0= clm? -+ 62:1:%‘

Solutioniscy =co=1,21 = —1/\/§,332 = 1/\/§

o f(—1/v/3)+ f(1/4/3) can exactly approximate

1 3 2
/_1[04390 + asx“ 4+ ajx + agldx

o /bf(x)da: — En: f(z;) = O0((b—a)?™T1)
@ 1=1



Change intervals LvF pp.452

e If the integration is over [a,b], then use changing variable

b — b b —
Tr = 2az+a—|— and dx = adz
b b—a 1 b—a a-+0b
dr = d
/af(m)x > _1f(2Z+ 2)2

e (Gaussian quadrature rule becomes

b—azn:f(b—a a—2|—b>
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Gauss-Legendre quadrature LvF pp.452

e For any polynomial f(x) of degree equal or less than 2n — 1,
find zq,z>,---, 2 and cq,co,---,cn Such that

[ f@de =3 eif )

i=1
e It is a difficult problem to solve z; and ¢; directly (nonlinear).

e [ he solution of x; "happens” to be the zeros of the nth
degree Legendre polynomial, P,, and choose c; such that the
integration of polynomials of degree < n are exact,

n

. — /_11 H (z —x;) I

j=1i (i~ 25)
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e Why? Any polynomial f(x) of degree 2n — 1 can be repre-
sented as f(x) = pn(x)q(x) + r(x), where q(x) and r(x) are
of degree less than n.

n n

d cif(z) = Y clpn(z)qg(z;) +r(x;)] // direct subsitution.

n

= > crla) // pale) =0

_ 711 () da // degree of r(z) < n
— / [pn(2)q(x) +r(2)ldz  // pn orthogonal to g
— /_1 f(z)da // direct subsitution.

S ProPn 2 ¢ (2n) ()

(2n)!

e Error is




