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Outline

e Trigonometric functions
e Fourier interpolation and approximation

e Fast Fourier transform (FFT)



Trigonometric Functions



Some useful identities

sin(a + 2mm)

cos(a + 2mm)

sin(a + (2m + 1)x)
cos(a + (2m + 1)x)
sin(a + b)

sin(a — b)

sin(a) cos(b)

cos(a + b)

cos(a — b)

cos(a) cos(b)

sin(a) sin(b)

sin(a)

cos(a)

—sin(a)

— cos(a)

sin(a) cos(b) + sin(b) cos(a)
sin(a) cos(b) — sin(b) cos(a)

%(sin(a +b) + sin(a — b))
cos(a) cos(b) — sin(a) sin(b)
cos(a) cos(b) + sin(a) sin(b)

%(cos(a + b) 4+ cos(a — b))

%(cos(a —b) —cos(a+b))



Euler's formula

e = cosx + i1sinz, where 1 =+ —1

e Proved by Taylor’'s series (at 0)

00 1)k
sineg = Z (Q(k _|1_>1)|x2k+1 //odd function f(—z) = —f(x)
k=0 '
S (=D)F o
cosz = »_ (Qk)lx //even function f(—z) = f(x)
k=0 '
i — (wj)k_ : 2 qx3 4
T kz::O TR TR TR
N G DLEPYR (-DF  piq
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— COSz +:1Sinx



Orthogonal functions

{1,cos(x),...,cos((n— 1)x),sin(x),...,sin((n—1)x)} are orthog-
onal on [—m, 7]

Assume a = b

m 1

(1,cosax) = / cosaxdr = —sinax|™ . =0
— a
@ 1

(1,sinax) = / sinaxdx = ——cosazx|™ =0
— a
s 1 pm

(sinax,cosbxr) = / Sin ax COS bxdr = 5/ sin(a+b)xz+sin(a—b)xdx = 0

T —TT

s 1 (7
/ COS ax COS bxdxr = 5/ cos(a+b)x+cos(a—b)xdxr = 0

—Tr

(cos ax, COS bx)

T
s 1 7
(sin ax,sin bx) / Sin ax sin bxdxr = 5/ cos(a—b)x—cos(a+b)xdx = 0O

—TT
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T
(1,1) = /_W lde = z|" = 2

For a=5»

(sin ax, COS bx)

(COS ax, COS bx)

(sin ax, sin bx)

s 1 rpm
/ sinaxcosba;d:c:E/ sin(a—4b)z—+sin(a—b)zda

—Tr —T

1 T
—/ sin(a4-b)adz = 0
2 /) »

T

™ 1
/ COS ax COS bxrdr = 5/ cos(a—+b)x+cos(a—b)xdx
T

_7T —_

1 pm
5/ cos(a+b)x + ldx ==

—Tr

s 1 (7
/ sin ax sin bxdxr = —/ cos(a—b)x—cos(a+b)xdx
T

_7T —_

1 pm
—/ 1 —cos(a+b)rde ==
2J)—m



Discrete case

e Basis function: {1,cos(x),...,cos(fx),sin(x),...,sin({x)}.

e Consider zp, = k(2n/n) for k=10,1,...,n— 1 in [0,27).
Each function is defined as an n x 1 vector. For example,

1 cos(z1) [ cos(Om/n)
A@ =1=| 1 |, fa@) =cos@@)=| @) || cos2m/n)
1 cos(a.:n_l) \COS(W))

e [ hose basis functions on zx; are orthogonal.

n—1
(1,1) = Y 1=n
j=0



(1,cos(mz)) = ) cos(mj?) =
j=0
n—l 2T
(1,sin(mz)) = Z sin(mj—) =
1=l =0 gw 27
(cos(kz), cos(ma)) = - > [cos((k + m)j—) + cos((k —m)j—)]
j=0
- 0, k —m and k + m are not multiple of n;
| n/2, k—m or k+ m are multiple of n;
n—1
(cos(kz), sin(mz)) = % S [sin((k + m)j%r) _sin((k — m)j%)] —0
j=0
1! on on
(sin(kx),sin(mz)) = 5 Z [cos((k — m)j;) — cos((k + m)j?)]
j=0

0, k—m and k 4+ m are not multiple of n;
n/2, k—m or k4 m are multiple of n;



Fourier Interpolation and Approximation



Fourier interpolation

e Find ag,a1,ao---,am,by1,bo,---,bm, such that
f(x) = CLQ—O—I—al cos(x) - - -4am cos(mx)+by sin(x) - - -—+by Sin(mx)

interpolates (0, zq), (27”,:31), o ((n — 1)2%,%_1), where n =
2m + 1.

e Since the trigonometric functions are orthogonal at given

points,
a; Z X, COS(]k Z T Sln(]k—)
=0

for 7 =0,...,m.



Fourier approximation

e Find ag,a1,ao---,am,by1,bo,---,bm, such that
f(x) = CLQ—O—I—al cos(x) - - -4am cos(mx)+by sin(x) - - -—+by Sin(mx)

approximates (0, xq), (27”,:31), o ((n— 1)27”,:%_1), where n >
2m + 1.

e Since the trigonometric functions are orthogonal at given

points,
a; Z X, COS(]k Z T Sln(]k—)
=0

for 7 =0,...,m.



Complex representation

e For y =0,...,m, the computation of
a; Z T, COS(]k Z T Sln(]k—)
=0

can be simplified by using Euler’s formula.

aj bj 17 1 = i7k2m /n
c; = E—HE = — Z azk(COS(]k—)—l—zsm(jk—)) = Z T
k=0 k=0
o Let w = ¢i27/1
1 n—1

Z zpw’*
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Complex vectors and matrices

e The inverse of € = cos(#)+isin(0) is e~ = cos(#)—isin(h).

— z = a — tb is called the conjugate of z = a + b.

— |2z| = |2| = |a + ib] = \/(a + ib)(a — ib) = \/a® + b.

L1
L2

e T he conjugate transpose of a complex vector x =
XH pm— ( ZE]. ZEQ o« o e En )

e [ he inner product of two complex vectors is defined as
(x,y) =x!ly
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e The conjugate transpose of a complex matrix W = {wj ;} is
WH = {w; ;}

e An n x n complex matrix U is unitary if UHU = UUH =1.
(compare to the orthogonal matrix of real matrices. )

e An n x n complex matrix U is Hermitian if UH = U.
(compare to the symmetric matrix of real matrices.)



Discrete Fourier transform

e For a vector x with n elements, zg,x1,:-:,x,—1, the Fourier
transform produces an n elements vector

— Basis functions are €9, e 7127 ... e~iln—1)x
2w 4w

2
— Equidistant points in [0,27) are O, —, —, -+, (n — 1)—7T.
n n n

: : : : 1 n-l ;i k2m
e The inverse discrete Fourier transform is zp = — ) €’ n X;
n :
J=0
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e Example, n = 4, Fourier transform is X = Wsx, where

( e 07 ¢7id 2 3 \

eOF T AT T

Wa= e_OA?T7T e_iA?T7T e_zi%ﬂ 6_37;% N -1l
—2i6r 6—37;%”) A

_Nném _;bm
Keo4 e Y4 ¢

el

— Wy, is symmetric, but not Hermitian. Neither unitary.

1 1 41
e Inverse Fourier transform is x = ZWfiIX(: ZWEWLLX = Zx)

Om -O7 -O7 -O7r
( GOT ’LT GQZT 63’LT \

02F i2F 2i2F  3i2" o
WH_e4e4e4e4_1 -1 —
T oA A 2 3| T |1 -1 1 -1
1 .




Fast Fourier Transform
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Matrix form

Let w = e~ #27/8_ Above equation can be rewritten as Wgx = c.

(wo w9 wl® W Wb wl WOl ’UJO\(mO\ (CO\
wo wl w2 w3 w4 w5 w6 ’u}7 1 C1
w0 w2 wr Wb  wd wl0 12 4,14 7o co
w0 w3 Wb w? wl2 w15 18 21 23 | | e3
w0 w? wd wl2 w16 20 24,28 24 | | ca
w0 wd wl0 w15 420 4,25 ;30 35 T cs
w0 wb wl2 wl8 w24 30 ;36 42 T6 6

\wo w? wl? w2l w28 35 W22 w49) \;W) \67)

FFT reduces the O(n?) computation into O(nlogn).
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Divide and Conquer

e Consider a smaller matrix Wy =

where wyg = e—12m/4

(1 1 1 1)

1 wl w? w3
1 wé wﬂ; wél
\ 1 w% w% w% )

e Relation to w: w2 = (e7127/8)2 = —127/4 — 4, .

Wy

1 w
1 w

(1 1

2
4

12
\1 w? wl? w18)

1 1 \
w4 ’U)6
w8 w
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Relation of Wg and Wy

e Put all odd columns first, then all even columns

e Use permutation matrix P

(1 1 1 1 1 1 1 1 \

1 w? wt w® wl w3 w® w’

1 ,w4 ,w8 w12 ,w2 ,w6 wlO w14

wop o | T U W2 w0 w2t | (Waa Vo))

1 w® w w wtw w w W8(2,1) W8(2,2)
1 w10 w20 30 W5 W15 25 35

1 ,w12 ,w24 ,w36 ,w6 ,w18 ,w30 ,w42

\1 wl? w30 w42 T w2l 35 w49)

e Wg(1,1) = W4
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e Observe that

<

~ ST AT
0 Q8 =%
SRR
m o o —Le e
S 3 3
"33 3 177"
— QN ™M

S

55

AN

O O 4 4

<+ o & < o G
1www1www
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3337 33 3

™ o

N -~

c
=

e Wgin1) = Wg(1.1) = W4, and Wg( 5y = —Wg(q1 o)



o If define Dy = 5

[ 1 V /1 1 1 1 )
1 1 w2 w*  ©
DsWy = v 02 1 54 :8 ,5)12
\ w? J\ 1 wb wl? w8
(1 1 1 1 )
1,3 .5 7
= :2 :6 ;Ulo 514 = Wg(1,2) = —Wg(2.2)
\w3 w9 w15 w21)

_ ([ Wg DaWyu \ _ (14 Dy Wy
o Wgb = <W4 DWW, ) — <I4 Dy, W,



Recursive algorithm

e Original problem Wgx = ¢ can be expressed as
1 D \4Y%
_ —1, 4 4 4 —1y,
Wgx = WgPP X—<I4 —D4>< W4>P X =cC
e P is an orthogonal matrix, whose inverse is P,

— Matlab syntax: P1x = [x(1:2:end);x(2:2:end)]

e FFT Algorithm for computing Wgx =c

C1 L W4X(1 P2 end) .
1. Compute ( ) ) = ( W.x(2 - 2 - end) recursively.

5> o— (14 Da c1 | _ [ c1+ Daco
' I4 —D4 Co Cl—D4CQ
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e Recursive order:

L0, L4 L2, L6 L1, T5 L3, L7

LO, L2, L4, T L1,L3,x5, X7

Oy, L1,L2,XL3,xL4,T5,LG, L7

e Time complexity: O(nlogn)
— Suppose the time of the algorithm is T'(n)

— Step 1 requires 2T'(n/2), step 2 requires O(n).
T(n) =2T(n/2)+0Mn)=T(n) =nlogn



Non-recursive algorithm

e Arrange the elements as aq, a4,a9,a¢6,a1,as5,a3,a7.

element | binary index | bit reverse | reversed order
0 000 000 X0
rq 001 100 T4
o 010 010 o
x3 011 110 6
T4 100 001 rq
x5 101 101 s
6 110 011 3
x7 111 111 x7
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e Algorithm:

1. ¢ =BitReverse(x)
2. Fors=0:(lgn) -1

m = 2°
1
4. w=e /M D, = v
,wm—l
5. For k=0:2m :n—1
6. ci=clk:k+m-—1)

co=Dpc(k+m:k+2m—1)
8. c(k:k+2m)=<cl+c2>

C1—C2



