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Lecture 7: Interpolation
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Outline

e Polynomial interpolation

— Lagrange form

— Newton form (divided-difference)
e Piecewise polynomial interpolation (spline method)

— Linear and quadratic spline

— Cubic spline

e Hermite interpolation

e Bezier curve



Polynomial Interpolation



Basis of polynomial interpolation

e Given n + 1 points (x;,vy;), there exists a polynomial p of
degree n such that p(z;)) =y, fori=1,---,n+4 1.

e Assume p(z) = anx™ + --- 4+ a1z + ag. The goal is to find

an,-*-,a1,aq, Which is equivalent to solving the linear system
[} - @ 1) [ an Y1
mZ/’LL o o o mn 1 al _ yn
\ Znt1 0 Tkl 1) \ao Ynt1

— The matrix is called Vandermonde matrix.

— This linear system can be solved in O(n?).



Lagrange form LvF pp.290-295

e A line goes through (z1,v1), (x2,yo) is

T — T T — T
y1 +

L1 — L2 L2 — Il

p(x) = Y2

e A curve goes through (x1,v1), (z2,y2), and (x3,y3) iS

(r—z1)(xz—22)

_ (z—xzp)(z—x3)
P = n (r3—a1)az—22) "

(x—z1)(x—2x3)
(o1 =)ot —29) y2t

(zo—z1 ) wo—23) "

e General form that goes through (z1,v1), ..., (zn,yn)

n

pa) = 3 (r—x1) - (z—zi—1)(@ —2441) - (& — 2p)

S (wy— 1) (@ — wim1) (@i — 1) - (@ — 2p)




Basis polynomials LvF pp.295

e p(x) is a linear combination of basis polynomials

p(z) = L1y1 + Loyo + -+ + Lnyn

(r—2x1) - (z—zi—1)(®—2441) - (. — zpn)
(v —x1) - (x5 —xi—1) (2 — wi41) -~ (25 — 2n)

where L; =

e Basis polynomials forz =0, 1, 2.

O, ==, jJF*1,
. — ? g7 '
—L ° LZ(CE) { 1, r — Iy.

—L
—L




Newton form LVF pp.296

e A line goes through (z1,y1), (x2,y2) is p(z) = a1 +ax(z—x1)

—p(x1) =y1 = a1 =1
Yz — Y1
Tp — X1

— p(a2) =yo = ap =

e A curve goes through (z1,v1), (z2,y2), and (x3,y3) iS
p(z) = a1+ azx(x —x1) + az(x —x1)(z — x2)

— a1 and ao are the same as above.

— p(x3) = a1 +ao(z3z —z1) +a3(zz —z1)(z3 — 22) = y3
Y3—Y2 _ Y2—y1

r3—T ro—T
az = 13772 2-21

L3 — L1



Divided differences LvF pp.296,300-301

e Dijvided differences is defined as

~ Dy = Yi+1 — Y
.=
Tit1 — L zl Dy D2y
D2, — Dy;+1 — Dy; 2 Dys Y1 D3y,
Yi S x3 oo D7yo Dy
3251—|—2 T , v, Y3 D2y, D>y
_ D3y = D%yip1 — D%y, v PY4
Z Ti43 — T

e Notation

z1 flzl flry; xo] = flzo] = flz1]

= flzo; 3] — flz1; o]
3t T2, 3] =
2 T T D il fiiea e = R



Problems of polynomial interpolation LvF pp.304

e Runge function: f(z) = 1552 In the interval [—1,1].

1—|—2




Piecewise Polynomial Interpolation



Basis of piecewise interpolation LvF pp.313

e Stitch consecutive low degree polynomials to interpolate

(CB]_,y]_), B (xnay’n)a (aj’n—|—17y’n—|—1)' (Assume ry <---< CE’n—|—1)
S1(z) = a4+ +ar1z+ a1, r1 <z < x;
Sn—1(x) = ap 12"+ Fap_110+an—1,0 Tp_1 < T < Tn;

Sn(x)

an,k:ﬁk—l— c Tt ap 1T+ ap 0, Tn < T < Tp41-
e Number of unknowns for degree k£ — 1 polynomial: kn

— Continuous: s;(xz;) = y;; si(z;41) = y;4+1 = 2n eqns.
— 1st differentiable: s} = s;, ; at some points.
— 2nd differentiable: s} = s}, ; at some points.
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Piecewise linear interpolation LvF pp.312

e The piecewise linear interpolation of (0,0),(1,1),(2,4),(3,3)

p(x) = 4

Y1

Y3

Yy2 — Y1
+ 270
L2 — I1

z—x1), v1 <x<TD;

Yys — Yo
yo + 2 T2(x — xp), w5 <z < T3]

T3 — I
+M($—x3), r3 <z < T4.
Ty — T3

LVVF has a different formula based on Lagrange form.
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Piecewise quadratic interpolation (I)LvF pp.313

e Fori=1,...,n, in each [z;,z;41], define

Si(x) = yi + ai(w — ;) + 2= (5 — 2;)2
2(wiq1 — ;)

where a; are unknowns to be determined. (n+ 1 unknowns)

— The first derivation is Si(z) = a; + %(w — ).

* S,Z(xz) = a; and S,Z(xz_|_1) = Qj41-

— Equations S;(x;) = y; are enforced. Another n equations

Ai4+1 — 44

S (1 i — (e e
z(xz—l—l) Yi+1 yz"'az(xz—l—l xz)+2(xi+1_xz

)(fﬁi+1—fﬁz‘)2
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= ajyq = SYitl —Yi o
Tit1 — T

e Choose aq, then other a; can be computed sequentially.

— Problem: the curve changes hugely with different ay.

| o Original data points
| (0,0),(1,1),(2,4),(3,3)

1 o Red line: a1 =5
- o Blue line: a1 =0
| o Green line: a1 = -5




Piecewise quadratic interpolation (II)LvF pp.314

e Knots: the z-values that divide the interval.
— In method (I), knots= data points.

e Method (II) defines knots= {z;|i = 1,...,n+ 1} for n points.

21 = 21,
Z; = (;+x;41)/2, fori=1n;
Zn—l—l — In,

— For n + 1 knots, one can define n quadratic polynomials.
Si(z) = a;(x — x;)° + bi(x — x;) + y;

— 2n unknowns.
13



— Si(zi41) = Six+1(zj41) fori=1:n —1 gives n — 1 eqns.
— Si(zi41) = Sj;11(2j41) fori=1:n—1 gives n — 1 eqns.

— Another 2 equations can be obtained by setting
Si(z1) =0 and S}, (zn) = 0.

e Original points
(0,0),(1,1),(2,4),(3,3)
e Problem: the
linear equation
has no structure:
O(n3) algorithm




Piecewise cubic interpolation LvF pp.317,322-323

e For (z1,y1),(%2,y2),...,(zn,yn), define h; = z;41 — x;. OnN
each interval [z;,z;41], the cubic interpolation has the form

(ziy1 —2)° (z — x;)>

Pi(z) = a; - Taip1——
1 1

+bi(zi41—2)tci(z—1x;).

e Its derivatives are

. _ )2 )2
0 LT g, h%) — b + ¢,

7 7

P/(z) = -3

Pi”(ilf) — 60/7:

(41 — ) (z — ;)
oa; .
hi _I_ a/z—|—]_ ]’LZ

- Pi//(xi_|_1) p— 60,2-_'_1 = leil—l(ajz‘kl)
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There are 3n—2 unknowns (aq,...,an, b1, ..

The continuity gives 2(n — 1) equations:

{ Pi(x;) = y; = a;h? + bih; = y;

=>b7;

Pi(zir1) = vie1 = a1 1h? +chi=vyi11 = ¢

bp_1,¢1,- - ,Cp_1).

— ? — aihi
— Y41
- Z;j; —aj41h;

The first differentiable gives (n—2) eqns. P/(z;4+1) = Pi’+1(9575—|—1)

3hiai41 —b; +¢; = =3hjp1a;41 — bi41 + i1

Substitute b; and ¢;

Yit1 — Yi
hia;+2hia; 41+ 7’+h_ - = —2hit10i41—hiy1ai42+

1

”
hia; +2(h; + hjy1)a;+1 + hjy1a;40 = a

Yi4+2 — Yi+1

hiy1

2 " Yi+1 Y41 — Y

hit1

h;



Natural cubic spline

e Cubic spline with additional two conditions: a1 = 0, an = 0.

e The a;5 can be obtained by solving an (n —2) x (n — 2) tridi-

agonal linear system = O(n).

/ Ys—Y2 Y2 — Y1 \
Q(hl —|—h2) hQ an h2 hl
— Y3 Y3 — Y2
ho 2(ho+h3)  ha as | y“h g5 _Y ; i
: - 3 2
hn—2 Q(hn—2+hn—1) an—l y6 — y5 . y5 — y4
hs e )
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An example LvF pp.319

X =
Y

1 ; A

[ -1 05 0 05 1]
[ 0.0385 0.1379 1 0.1379 0.0385 ]

Matlab command:

Xi = -1:0.01:1;
yi = spline(X,Y,xi);
plot(X,Y,'o’,xi,vi,'-");

| | |
-1 -0.5 0 0.5 1
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Hermite Interpolation
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Interpolation of derivatives

e Suppose the polynomial does not only interpolate data points,
but also their derivatives.

o Given (z1,v1,97),(x2,y2,y5), find a cubic polynomial
H(z) = a1 + asx + a3z? + aq23 such that

( H(z1) = a1+ agz1+ asfﬁi + a4fvi = 1
) H(z2) = a1+ azw>+azzs+ a4y = Y2
H'(z1) = as + 2azr1 + 3a4:c% = v
| H'(xz2) = ap 4 2azzp + 3aqx5 = y5
/ 1 x4 :ci azi \ ai Y1
1 zp x5 53 a> | | yo
O 1 2x; 3:@ az | y’l

\ 0 1 227 327 ) \as Y5
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Hermite interpolation LvF pp.306

o Let H(z) = a1+an(z—21)+az(z—1)°+as(z—21)%(z—x2).

o H'(z) = ap + 2a3(z — 1) + a4[2(z — 1) (z — ) + (z — 1)~

((H(xz1) = a1=wu1 (1)

< H'(z1) = ax=1y] (2)

H(zp) = aj+as(za—21)+taz(za—21)°=y2 (3)

| H'(z2) = ap+ 2a3(wo —z1) + ag(zo —21)? =95 (4)
: : : 1 —

e Substituting (1) and (2) into (3), a3 = ;-1 (gg_gll —y’)
: : : . 1 —

e Substituting in (4), as = (Toa1)? (y’z — Y] — 2(% _ y/))
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e It looks like Newton’'s form, except repeating points
= using divided differences

27 Wy Dwi DQwi D3wi
1 — 21 W1 — Y1
/
Y1
P —_ D’LUQ—D’UJ]_
2 — X1 W2 = Y1 Z3—21
wW3—wWo D2w2—D2w1
23—292 z24—21
S — Dw3—Dw2
3 — L2 W3 = Y2 Z4—20
/
Yo
R4 — X2 W3 = Y2
° — — _ Dwy—Dwy _ D2w2—D2w1
a1 = Y1, a2 =¥y, 43 = z3—z1 a4 = zZ4—21 '



Cubic Hermite interpolation LvF pp.308

e Cubic Hermite interpolation can be constructed by four basis
functions for x1 = 0,2, = 1,

H(z) = a1h1(z) + agho(x) + azhz(z) + agha(x)

oo
oo )

hi(z) = —0.523 4+ 22 —0.5x
ho(z) = 1523 —25z° 41
ha(z) = —1.523+ 22° 4+ 0.5z

0.5:1:3 — 0.5902

ha(x)
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H'(z) = ay b () + ashb (@) + azhy(z) 4 ashly (@)

hll () = —1.522 +2x — 0.5 °5/

ho(x) = 4.55° — Bz :

h’3(:1:) — —45z24+4x+0.5

hﬁ;(iﬂ) = 1.52° —x /
HO) = y1 = ax=wuy1

H(1) = y = az3=1yo

H'O) = v; = (az—a1)/2=1y] = a1 = y2 — 2y}
H(1) = vy, = (ag—ap)/2=1y, = aa =y1 + 2y,



Cubic Hermite spline LvF pp.316

e Interpolate (3317 Y1, y{]_)a (3327 Y2, ylz)a JRI (aj’na Yn, y;z)ﬂ (CB’I”L-F].’ Yn+1> y’;l—|—1)

e The cubic Hermite interpolation in [z, z;41] iS

H(t) = a1h1(t) + agho(t) + azhsz(t) + agha(t)

where t = —— 7k <t:{o’ L= Thy )
Tpt1 — Tk 1, z=xp41.

e Need to change the formula of a1 and ag4.

OH (t) _ OH(t)ot  H'(t)

— By chain rule, = :
Ox ot Ox Th+1 — Tk

a1 = yo — 20y}
— Let AL = (x — x),
b= (T = 2) { ag = y1 + 20,15
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Getting rid of the tangents
e In Matlab pchip, ¥, is determined by shape-preserving method.*

e Use the information from piecewise
linear interpolation.

o Let pp = (Yp+1 — Yk /(@41 — 7).

e If p. and p,._q1 have opposite signs,
or one of them is zero, y, = 0.

e If p,. and p,_1 have same sign,

1 1/1 1
-
Y. 2 \Pk  Pk—1

(assume [zp41 — zg| = |z — 28 1))

*Numerical Computing with MATLAB, Cleve Moler.
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Bezier Curve
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Bezier curves LVF pp.376

e Here we use vector form to represent points, p; = ( ‘;Z )
1

e Linear Bezier curves: given pq1,po2, = € [0, 1]

e Quadratic Bezier curves: given p1,p2,p3, € [0, 1]

P1,P2,P3(x) = (1- C‘C)Blﬁ)l po(z) + xBPQ P3(x)
(1 —z)?p1 + 22(1 — x)ps + 2°p3

e Cubic Bezier curves: given p1,po,P3,P4, « € [0,1]

Bgl,P27P3,P4(m) — (1_‘77)33 P2P3(m)+mQBP2P3P4(x)
= (1-2x) p1+3x(1—m) P2 + 32°(1 — 2)p3 + =°p4
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e [ he coefficient function is Bernstein polynomial.
B! =C;*(1 — :c)n_i:ci,
where C* = n!/i!(n —4)!, binomial coefficient.
n
e Bezier curve of degree n: B"(z) = > B!'p;.
i=0

e Properties

— Passes through the first and last control points

— Tangent to lines p1p> and p,,_1Pn.-
— Lies within the convex hull of the control points.

— Can be translated and rotated by performing these oper-
ations on the control points.



