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Background



Motivation

e Some linear systems are large and sparse.

— They cannot be stored into an n X n array.

— Number of nonzero elements are O(n).

— The L-factor and U-factor are not sparse, but still large.
— Time complexity of LU factorization is O(n3).

e Iterative methods

— Access matrix elements constant times/iteration.
— Need only O(n) extra storage.
— Transform Ax = b = xF = CxF—1 + d.



Basic idea LVF pp.226

1121 + a12T2 + a13T3 T a14T4 =
an1x1 + a22Tp + ap3T3 1+ a24T4 =
a3121 + a322x2 + a33x3 + azqrgs =
a4171 + a42T2 + a4373 + asqaxs =
Ex. Jacobi method
r] = _Z%CBQ —Zﬁazg, —Z—i‘l‘x
rp= ~2iay 255, 02
r3 = —lzy — 32x3 s
T4 = %xl %x;g zﬁm



Fixed point iteration LVF pp.5,22,Last year's note

e Suppose x = ¢g(x) has a unique solution z* in [a,b]. Then
rp4+1 = g(xg) will converge to z* with any xzq, if

1. g(x) maps [a,b] to [a,b].
2. A< 1 st |glx) —g(y)| < Ao —yl| for all z,y € [a, b].

e Linear convergence with rate .
% — zpqq| = [g(2*) — g(ap)| < Ma* —ap| - < AF|z* — 2],

e In this chapter, g(x) =Cx+d. ||g(x) — g(y)|| = ||Cx — Cy||
Ix* —xpp 1]l = [[C(x*—xp) || = - = ||CF(x* —x0)|| < |C¥||[|x*—x0

— Converge condition: the maximum absolute value of the
eigenvalues of C (spectral radius) is less than 1.



Iterative Methods



Jacobi method LvF pp.227

e Decompose A=L+D+U

— L lower triangular part. Dx = (-L-U)x+b
— D diagonal part. x = DN(-L-U)x+D1b
— U upper triangular part. C d

e If A is strictly diagonal dominant, then the maximum abso-
lute valued eigenvalue of C < 1.

— Strictly diagonal dominant: [a;;| > 37, ., lai;]

e Operation count: number of iterations x time for matrix-
vector multiplication.

e Easy to be parallelized.



Sensitive to equation order LVF pp.227,233

. 2r+y = 6
e Consider { r 42 = 6
—1 _l
0 2 -1 O -5 0
— ||ICl| =1/2 < 1.
, r+2y = 6
e Exchange the equation order { x4y = 6

o (38)°(5 ) (2 %)

—|Cc=2>1.

)



Gauss—Seidel method LvF pp.234

2¢c17 — xo + x3 = -1
Consider a system xr1 + 220 — x3 = 6
r1y — xo + 223 = -3
Jacobi method
P AR 0.5z — 052 — 0.5
(k+1) = 0.5z - osx?k) + 3
%k—l_l) = —O.5£E§k) —+ O5£I?<k) — 1.5
Gauss—Seidel method
oD = 0528 — 0528 — 05
(k+1) = —0.5zFY = osx?k) + 3

%k—l_l) = —O.5£Egk+1) + O5£I?<k+1) — 1.5
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Gauss—Seidel method LvF pp.237
(k41

D }(D + L)xF+D)

(D + L)X(k-l-l)
(k1)

D lx(*+D _p-lux(®) + D 1p
D 1ux(®) + D 1p

_Ux) +b

MO +Lux® +d+1L) b

e If A is symmetric positive definite, Gauss—Seidel converges
with any initial guess.

e Like Jacobi method, it can diverge. But when converging, it
IS more faster than Jacobi method.

e Hard to parallelize.
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sSuccessive over-relaxation LVF pp.23s8

a11r1 + a1oxp +a13rx3 = by
an1r1 + a»oxp + ap3r3z = by
a31r1 + a3zpx2 + azzrz = b3

Linear combination of x(¥) and the vector from Gauss—Seidel.

T = (1w 2 —a122y”  —a1328?)
r$ T = (1wl 42 (b —agay —~an3zy”)
25T = (1 - w)af? +aa5(03 ~az12y T —agpa§tY )

e ForO < w < 1, the method is called successive under-relaxation.

o Forl <w < 2, the method is called successive over-relaxation.
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sSuccessive over-relaxation LVF pp.240

xF+D = (1 - w)x®) 4+ u[-D 1Lx(F+D) _ p-1yux(k) 4 p~1p)
DD + wL)x{++1) (1 — ) —wD 1Ulx(® + uwD b
(D 4 wL)x(*+1) [(1 — w)D — wU]x®) + wb
x(k+1) (D +wL) (1 —w)D - wU)x(F) + b

e C=(D+wL) (1 -w)D-wU).

e Determinant of C is (1 — w)™.

det((1 —w)D — wU) _ (1 —w)"[11 d; = (1 —w)"

det C =
det(D + wL) v_d;

— Always choose 0 < w < 2.
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