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Eigenvalue and Eigenvector

* Foragivenn x n matrix A, if a scalar\ and a
nonzero vector satisfiesAz = Az, we say(\, x)

IS aneigen
e \lIs cal
e zIs cal

pairf A,
ed areigenvalue

ed areigenvector
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Eigenvalue and Eigenvector

* Foragivenn x n matrix A, if a scalar\ and a
nonzero vector satisfiesAz = Az, we say(\, x)

IS aneigen
e \lIs cal
e zIs cal

pairf A,
ed areigenvalue

ed areigenvector

Ar =\ zx
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Applications
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Google' s Pager ank

* Rank web pages by visiting probability.

« Users’ browsing behavior is modeled by random
walk.
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How to Compute?

 The row-stochastic matri®.

0 1/2 0 1/2 0
o 0 0 1 0
o 1 0 0 0
o 1/3 1/3 0 1/3
1/2 1/2 0 0 0
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How to Compute?

 The row-stochastic matri®.

E2

000 [/
1 o 0 0 1 0

1 _
AR P=| 0o 1 0 0 0
& 0 1/3 1/3 0 1/3
9 : 9 12 12 0 0 0

1/3

» Thelargest eigenvalye\;, of P is 1; the
correspondingigenvectorzy, gives the ranks.
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How to Compute?

 The row-stochastic matri®.

E2

000 [/
1 o 0 0 1 0

1 _
AR P=| 0o 1 0 0 0
& 0 1/3 1/3 0 1/3
2, —> @) o 6 @ 6

1/3

» Thelargest eigenvalye\;, of P is 1; the
correspondingigenvectorzy, gives the ranks.

« Markov chain x; Is the stationary distribution.
* Many, many, many applications.
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Semantic Query

D]e]e

T D1 D2 D3 D4 D5
apple 53 65 0 30 1
computer 10 20 40 43 O
Imac 30 10 25 52 /0

* A query on ‘tomputet returns D1, D2, D3, D4.
« A query on ‘applée returns D1, D2 and D4 °
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L atent Semantic I ndexing

53 66 0 30 1
e Term-Doc matrixA = | 10 20 40 43 0
30 10 25 52 70

49 65 7 34 -5
 Lowrankapprd = | 23 22 14 30 21
25 9 34 57 63
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L atent Semantic I ndexing

53 66 0 30 1
e Term-Doc matrixA = | 10 20 40 43 0
30 10 25 52 70

49 65 7 34 -5
 Lowrankapprd = | 23 22 14 30 21
20 9 34 57 63

. Using A instead ofA.
* Now the query onComputet returns all docs.
« The query ondapplée returns D1, D2, D4.
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L ow Rank Approximation

 Singular value decomposition (SVD)
A=UxV! =Udiag(oy,--,0,)V?

» Low rank approximation

A

A = Udiag(oy, - - -, 0y, )VT

- A is the best ranl-approximation.
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L ow Rank Approximation

 Singular value decomposition (SVD)
A=UxV! =Udiag(oy,--,0,)V?

» Low rank approximation

A= Udiag(oy, - - -, 0y, Wi
- A is the best ranl-approximation.

e 07,0, is thep largest eigenvaluesf A" A.
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Applications of SVD

Information retrieval, Text/speech
summarization, Document organization

Image processing and compression

Pattern recognition, Eigenface, Watermarking
Model reduction, Dimension reduction

Digital signal processing

Independent component analysis

Total least square problem

Bioinformatics

Junk E-mall Filtering
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Point Set Segmentation

 Partitioning a given point-sampled surface into
distinct parts without explicit construction of a
triangle mesh?
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Graph Partition

« Given a grapity = (V, ), thenormalized cut of
a vertex partitionk/ =V, U V5 IS

cut(Vi,Va) | cut(Va, Va)

Neut(V;, Va) = ' |
cut(Vy, Vs) assoc(Va, V) assoc(V4, V)

e cut(Vy, Va) = >, cv; v,er, Wb, v2)
e assoc(V7,V) = Zvlevl,vev W (v, v)
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Graph Partition

« Given a grapity = (V, ), thenormalized cut of
a vertex partitionk/ =V, U V5 IS

cut(Vi, V) cut(V, Va)
assoc(Va, V) assoc(Vi, V)’

Neut(Vi, V2) =

e cut(Vy, Va) = >, cv; v,er, Wb, v2)
e assoc(V7,V) = Zvlevl,vev W (v, v)

» Discrete minimization of NCut is NP-complete.

« Spectral graph partition gives an approximate
solution.
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How to Compute?

» Laplacian matrixisL = D — A, where

* D Is a diagonal matrix whose elements are the
degrees of vertices.

« A s the adjacent matrix.
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How to Compute?

» Laplacian matrixisL = D — A, where

* D Is a diagonal matrix whose elements are the
degrees of vertices.

« A s the adjacent matrix.

» Theeigenvectoof second smallest eigenvaloé
L partitions the graph

v, € Vi If LIZ’Q(Z) > ()
v; € Vo if x9(2) < 0

» The second smallest eigenvaluelois called
algebraic connectivity.
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Applications of Spectral Graph

» Telephone network design

« Load balancing while minimizing communication
« Sparse matrix times vector multiplication

« VLSI layout

« Sparse Gaussian elimination

« Data mining and clustering

* Physical mapping of DNA

« Graph embedding

* Image segmentation
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Spectral Graph Embedding

« Compute the eigenvectors of the second and third
smallest nonzero eigenvalueas, xs.

« Useux,, x5 as the xy-coordinates of vertices.
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Computation
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The Power M ethod

 Algorithm:
1. Given an initial vectopy, ||po|| = 1.

2. Fory =1,2,...untll converged

(@) pi = Api 1
(b) p; = pi/l|pil /Inormalization
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The Power M ethod

 Algorithm:
1. Given an initial vectopy, ||po|| = 1.

2. Fory =1,2,...untll converged

(@) pi = Api1
(b) p; = pi/l|pil /Inormalization

* Properties
1. Only matrix-vector multiplication is needed.

2. \ectorp, converges to the eigenvector of,
assumingA{| > [Ag| > -+ |\,

3. The convergent rate Is the ra@?}
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An Example

« A 100 x 100 matrix with eigenvalues
1,0.95,...,0.95".

» Converge tal0—!* in 550+ iterations.
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Residual

» Residual of an approximation:

 Let (i, 2z) be an approximation to an eigenpair
of A. Itsresidual is- = Az — uz.
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Residual

» Residual of an approximation:

 Let (i, 2z) be an approximation to an eigenpair
of A. Itsresidual is- = Az — uz.

T
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Residual

» Residual of an approximation:

 Let (i, 2z) be an approximation to an eigenpair
of A. Itsresidual is- = Az — uz.

Az
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Residual

» Residual of an approximation:

 Let (i, 2z) be an approximation to an eigenpair
of A. Itsresidual is- = Az — uz.

Az

b2
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Residual

» Residual of an approximation:

 Let (i, 2z) be an approximation to an eigenpair
of A. Itsresidual is- = Az — uz.

Az r

b2
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Residual

» Residual of an approximation:

 Let (i, 2z) be an approximation to an eigenpair
of A. Itsresidual is- = Az — uz.

Az r
[z

- Small residual impliesu, z) is a good
approximation. (in the sense of backward error.)
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Speedup Methods
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Speedup Methods

1. Shift-invert enhancement
« Enlarge the ratio ohA; and\s.
« Can be used to find other eigenpairs.
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Speedup Methods

1. Shift-invert enhancement
« Enlarge the ratio ohA; and\s.
« Can be used to find other eigenpairs.

2. Subspace methods

« Use linear combination of vectors to
approximate the desired eigenvector.

« Can be used to compute more than one
eigenpairs.
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Speedup Methods

1. Shift-invert enhancement
« Enlarge the ratio ohA; and\s.
« Can be used to find other eigenpairs.

2. Subspace methods

« Use linear combination of vectors to
approximate the desired eigenvector.

« Can be used to compute more than one
eigenpairs.

3. Subspace methods + shift-invert enhancement
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Shift-invert Enhancement

» UseC = (A — oI)!inthe power method.
(Assumes # ), for all ¢.)

* The eigenvectors af’ are the same a4’s.
- The eigenvalues af' are—.
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Shift-invert Enhancement

» UseC = (A — oI)!inthe power method.
(Assumes # ), for all ¢.)

* The eigenvectors af’ are the same a4’s.

- The eigenvalues af' are—.

 If o Is close enough ta;, the convergence rate of

T become%%j;.
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=Heells

« Use the previous example and set 1.2.

. Convergent rate fror.95 to \0‘}9;12-‘2\ — (.8.

—— Power method
- = =\With shift-invert
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Subspace M ethods

« The linear combination of eigenvector
approximations can bring better approximations.
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Subspace M ethods

« The linear combination of eigenvector
approximations can bring better approximations.

» Algorithm:
1. Construct a subspaspan{uy, ug, - - -, ug }-
2. Extract eigenvector approximations from the
subspace.

3. Test convergence.

Eiogenvalue ProblemsCombputation and Applications — p.®3/3



Subspace M ethods

« The linear combination of eigenvector
approximations can bring better approximations.

» Algorithm:
1. Construct a subspaspan{uy, ug, - - -, ug }-
2. Extract eigenvector approximations from the
subspace.

3. Test convergence.

« Can compute more than one eigenvectors.
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Krylov Subspace

 For a given unit vectou, the kth order Krylov
subspace of matrid and vecton; IS

Ki(A,u1) = span{ui, Au, - -, A" u }.
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Krylov Subspace

 For a given unit vectou, the kth order Krylov
subspace of matrid and vecton; IS

Ki(A,u1) = span{ui, Au, - -, A" u }.

* Properties:
1. Only matrix-vector multiplication is required.

2. Usually contains good eigenvector
approximations to those whose eigenvalues
are on the peripheral of spectrum.

3. Superlinear convergence.
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Krylov Subspace

« Two eigenpairs with largest eigenvalues converge
to 10~'* in 40 iterations.

—— dominant eigenpair
- = =subdominant eigpair
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Krylov Subspace + Shift-invert

. Use subspacepan{u;, Cuy,---,C"* 1u;} where
C=(A-ocl)! ando = 1.2.
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Problems

 For Krylov subspace method4 — ol )uy 1 = ug
need be solved "exactly" in every iteration.
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Problems

 For Krylov subspace method4 — ol )uy 1 = ug
need be solved "exactly" in every iteration.

 WhenA is large, iterative methods for solving
linear systems are often used.

« Computation timex desired precision.
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With | nexact Shift-invert

» Linear systems are solved to the accuré@y’ in
every Iiteration.
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Residual Arnoldi Method

» Construct the subspace by, rq, - - - r._1

 r; IS the residual of an approximation in the
ith 1teration.
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Residual Arnoldi Method

» Construct the subspace by, rq, - - - r._1

 r; IS the residual of an approximation in the
ith 1teration.

 Algorithm:

1. Choose an approximatigp,, p;) from the
current subspace.

2. Compute residual, = App — uips.

3. Addr; to the current subspace.
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Without Shift-invert

« Use the residuals of the approximations to
()\1, 1‘1).
* (A1, 1) is called thearget

— dominant eigenpair
= = =subdominant eigpair
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Residual Arnoldi + Shift-invert

 Residual Arnoldi method + Shift-invert

1. Choose an approximatigp,, p;) from the
current subspace.

2. Compute residual, = App — uips.
3. Add(A — o) 'r, to subspace.
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Residual Arnoldi + Shift-invert

 Residual Arnoldi method + Shift-invert

1. Choose an approximatigp,, p;) from the
current subspace.

2. Compute residual, = App — uips.
3. Add(A — o) 'r, to subspace.

* Properties of inexact shift-invert

1. The approximations to the target can
converge.

2. Other approximations fail to converge.
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With | nexact Shift-invert

» Linear systems are solved to the accuré@y’ in
every Iiteration.

« Targetis(\y, z1).

— dominant eigenpair
= = =subdominant eigenpair
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Change Tar get

- Change target tO\,, x5) at iteration 20.

—— dominant eigenpair
= = =subdominant eigenpair
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Per for mance Compar ison

e Foral0000 x 10000 matrix, we want to find 6
smallest eigenvalues and their eigenvectors.
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e Foral0000 x 10000 matrix, we want to find 6
smallest eigenvalues and their eigenvectors.

« Compare with the eigen-solveRPACK
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Per for mance Compar ison
e Foral0000 x 10000 matrix, we want to find 6
smallest eigenvalues and their eigenvectors.
« Compare with the eigen-solveRPACK

« Shift-invert enhancement are applied with shift O
and linear solve@QVRES.
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Per for mance Compar ison

For a10000 x 10000 matrix, we want to find 6
smallest eigenvalues and their eigenvectors.

Compare with the eigen-solvedRPACK

Shift-invert enhancement are applied with shift O
and linear solve@QVRES.

Performance are measured by the total number o
matrix-vector multiplicatiors
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Per for mance Compar ison

e Foral0000 x 10000 matrix, we want to find 6
smallest eigenvalues and their eigenvectors.

« Compare with the eigen-solveRPACK

« Shift-invert enhancement are applied with shift O
and linear solve@QVRES.

» Performance are measured by the total number o
matrix-vector multiplicatiors

NO. of iInner iterations< NO. of outer iterations

 Inner iteration: uses matrix-vector
multiplication to solve linear systems.

o Quter Iteration: uses the results In Inner
iteration to solve eigenproblem.
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Conver gent Result

 Red lines:ARPACK
e Blue dots: residual Arnoldi method.

 Residual Arnoldi method is 2.25 times faster than
ARPACK, and uses less than half matrix-vector
multiplications.
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Conclusion
« Eigenvalue problems are everywhere.
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Conclusion
« Eigenvalue problems are everywhere.

» There Is no single best algorithm for solving large
eigenproblems.
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Conclusion
« Eigenvalue problems are everywhere.

» There Is no single best algorithm for solving large
eigenproblems.

» Residual Arnoldi method is good for
e computing interior or clustered eigenvalues.
« applying shift-invert enhancement.
 parallelization.
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