Gamma Function and the Volumes of High
Dimensional Spheres

1. Define I'(z) = [ e *~dt for > 0 and let y = [>° ¢~* dz. Then
(a) D(z) = [ e dx = @
(b) Show that I'(3) =2y = /7
(c) Nz +1)=2al'(z), forx >0, I'(n)=(n—1)lifne N.

(d) The volume of a d — dimensional unit sphere is 7%2/T'(% + 1).

The volume of a d—dim unite sphere is nd/Z/F((d/2)+1)
T
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Figure 1: The Volume of a High Dimensional Sphere.

V(1)=2; V(2)=pi; V(3)=4%pi/3;

V(4)=pi*pi/2; V(5)=8*pi*pi/15; V(6)=pi*pi*pi/6;
V(7)=16%pi*pi*pi/105;  V(8)=(pi) 4/24; V(9)=32% (pi) "4/945;
V(10)=(pi)~5/120; V(11)=64*(pi)~5/10395; V(12)=(pi)~6/720;
V(13)=128(pi) "6/135135; V(14)=(pi) 7/5040; V(15)=256% (pi) “7/2027025;
D=1:15;

plot(D,V,’b-v’)
title(’The volume of a d-dim unit sphere is \pi~{d/2}/\Gamma((d/2)+1)’)



The Derivation of Volumn for an n-Dimensional

Sphere
O For n = 2,
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The volumn is computed by

R 27 R 27
V, = / Jodrd — / / rdrd = 7 R?
0 0 0 0

O For n = 3,
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x1 =rcosficoslty, 0<60y <27 oL L2 Ch
. 0 T1,T2,XT3 ) F) 9
Ty =rcosfysinby, —5<60,<7% ngi( i ): % W e =r2cosb,
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The volumn is computed by

R rm/2 27 R rm/2 27 AT R3
V, = / / Jodrd0yd0y = / / / r2 cos Oydrd0ydly = —
0 0 0
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O For n > 4,

r1 =rcosficosbly------ cos6,_scosl,_1, 0<6,1 <27

Ty =1cosbficosbly------ cos by osinb, 1, —5 <0, <7

x3 =1 cosb;cosby---cosb,_3sinb, o, 5 <0, 3<%
3 s s

xrj=rcosbicosly---cosl,_jsinb, ;i1, —5 <0, ;<7

Tp_1 = rcosfysinfby, —5 <0, <3

Tp, = rsin by, 0<r<R

n
Note that fo = r? and denote ¢; = cosf;, s; =sinf; for 1 <i < n — 1. Then the
i=1

Jacobian J, = 2@ne22n) 5o computed as

A(r,01,,0n—1)
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Jp=r""1
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Then
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Therefore, the volumn of an n-dimensional sphere can be calculated by

2 /2 /2 7r/2
v, = / L [ (doidts - db-adb,-dr
w/2 w/2J—7/2

2r  pm/2 w/2 77/2 ) ,
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Note that the above computations exploit the properties of the following Gamma and

Beta functions, and trignometry.
Na) = / e 't ldt for a >0
0
1
Beta(a, ) = / 271 — ) Ydx, where a, 3> 0
0

Beta(a, ) — HeE

e Relationship Between Gamma and Beta Functions

Lx)(y) = /Oooe_“u“"_ldu/oooe_”vy_ldv

= / / e TV T dudv
o Jo

= / / (2t)" Hz(1 — )Y tedtdz by putting u = zt, v = z(1 —t)
z=0Jt 0

= / e FZmY 1dz/ "1 — )t
z=0 t=0
= D'(z +y)Beta(z,y)
I'a) = (a—DI(a—=1) fora>1

r=1  T(})=va



2m w/2
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w/2 T /2 /2
/ 08?0l 3 = 7, / cos™ 0df — / 2co8™ 0df, 3< o <mn—?2
— 0
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Now
w/2
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Therefore,
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= 50 m)-@)- () MABaa(—5—, 5) = Fa



