Solutions for Quiz 2, Spring 2020
Name : _Instructor SN : (03)5731078 Index : 100

(5 pts)(1) Let R be the bounded region between y = z and y = 2?. A random point
(X,Y) is selected from R.

(a) Find the joint probability density function of X and Y, f(z,y).
(b) Calculate the marginal probability density function fx(x).
(c) Calculate E(X).

(Solution)

(Sa) f(z,y) = ¢, a constant, and [y [% f(z,y)dydz = 1,s0 f(z,y) =6, 0 <z,y <1.
(Sb) fx(z) = [5%6dy =6(x —2?), 0 <z <1,

(S¢) B(X) = J afx(w)ds = 3 (62 — 62%)do = L

(5 pts)(2) Let X and Y be independent exponential random variables both with mean 1.
Let W = maz(X,Y).
(a) Find the distribution function Fy (w) of W.
(b) Calculate fy (w).
(c) Calculate E(WV).

(Solution)
(Sa) Fw(w) = P(W <w) = P(X <w, Y <w) = P(X <w)x PY <w) =
(fo' e dx)([y" e ¥dy) = (1 —e™™)%, w > 0.
(Sa) fw(w) = Fy(w) =2e7(1—e™"), w>0.
(Sa) E(W) = [ 2we (1 — e ®)dw=2—1 =2



(5 pts)(3) Let X and Y be independent and identically distributed exponential random
variables with mean 3. Prove that X/(X +Y) is uniform over (0, 1), that is, X/(X +

Y) ~ U(0,1).

(Solution)

(S3) Let W = X/(X +Y), then 0 < W < 1. For 0 < u < 1, Flu) = P(W < u) =
P(Fy <u) = P(4X < Y) = J¢° [Eu, 173 x te7¥/3dydx = u. Then, f(u) =
F'(u) =1, 0 <u <1, hence 55 ~ U(0,1), a uniform distribution.

(5 pts)(4) Let X and Y be continuous random variables with the joint probability density
function given by f(z,y) = e W) if 2z >0, 0 <y <e—1, and f(z,y) =
0, elsewhere.

Calculate E(X|Y =v).

(Solution)

1+y? Ty ()

(S4) Since fy(y) = [;Te™@dr = =, 0 <y < e— 1, fyp(aly) = L4 = (1 +
y)e—x(y—kl)’ then E<X|Y = y) = J"Ooo 'er|y< ‘ ) T = (1 +y) —z(y+1) dr =

1
14+y-°

(5 pts)(5) Let X and Y have the joint probability density function f(z,y) =1, if 0 <
z, y <1
(a) Calculate P(X +Y < 3/4),
(b) Calculate P(XY <9/16),
(c) Calculate P(Y < sin(nX)),

(Solution)
(Sa) P(X +Y < 3/4) = 4,
(Sb) P(XY <9/16) = § x § +2 [3 ggzdu = 35 + in(3),
(Sc) Calculate P(Y < sin(rX)) = [y sin(nz)dr = %,



