2. Image Transform

Fourier Transform

Discrete Fourier Transform

Fast Fourier Transform (FFT) O(N?log(N))

Discrete Cosine (Sine) Transform (JPEG)

Discrete Wavelet Transform (JP2)
{> Haar transform

{> Daubechies’ Four transform

Singular Value Decomposition (SVD)
¢ Spectrum Decomposition
e Hotelling (Karhunen-Loeve) Transform

¢ Principal Component Analysis (PCA)

& Other Transforms (Gabor, 9/7 and 5/3 Wavelets)



Introduction to Fourier Transform

Let f(z) be a continuous function of a real variable x. The Fourier transform of f(x)
is defined by

F(u) = / f(z)e 2y
Given F'(u), f(z) can be obtained by using the inverse Fourier transform

f(z) = /Oo F(u)e?™ " dy

—0o0

In practical applications, f(z) is a real function, however, its Fourier transform F(u)
is in general complexr and can he written as

F(u) = R(u) + jI(u) = |F(u)]e %™

where R(u) and I(u) are the real and imaginary component, respectively. |F'(u)] is
called the Fourier spectrum of f(x), and ¢(u) is called the phase angle of f(z). |F(u)|?
is called the Fourier power spectrum or spectral density) of f(x).

Example: Let f(x) = A for 0 <z < X, and f(x) = 0 otherwise. Then

Flu) = Asin(muX) o—imuX
™
Asin(ruX) sin(ruX)
[F(u)| = ———— = AX[———|

™ TuX



2D Fourier Transform

The extension of Fourier transform from 1D to 2D is obvious. The 2D Fourier
transform of f(x,y) can be written as

F(u,v) = / / fla,y)e 2t dedy
The 2D inverse Fourier transform of F(u,v) is then

flz,y) = /OO /OO F(u, v)e2™ 09I dydy

For a real function f(x,y), The Fourier transform F(u,v) of f(x,y) is in general complex
which can be written as

F(u,v) = R(u,v) + jI(u,v) = |F(u,v)|e 79

where R(u,v) and I(u,v) are the real and imaginary component, respectively. |F(u,v)|
is called the Fourier spectrum of f(x,y) and ¢(u,v) is called the phase angle of f(x,vy),
|F(u,v)|? is called the Fourier power spectrum or spectral density of f(x,y).

Example: Let f(x,y) =Aif0<z <X, 0<y<Y, and f(z,y) =0 otherwise. Then

A . .
F(u,v) = — sin(ruX)e 7™ sin(moY )e I

sin(muX)
muX

sin(mvY)
mvY

|F(u, v)] = AXY] I |



Discrete Fourier Transform (DFT)

For many applications, Discrete Fourier transform (DFT) may be more useful than
the continuous FT. The DFT of f(x), 0 <x < N —1 is defined as

N—1
Fu)=— > f(x)e ™™ for w=0,1,---,N — 1.
=0

1
N

The inverse DFT of F(u), 0 <u < N — 1 is defined as

N-1
flx)=>" F(u)e™@i/N for 2=0,1,---,N — 1.
u=0
For 2D DFT, we have
1 M—-1N-1 e L oy
Flu,v) = —= > > fa,y)e 5+ ¥ for 0<u<M—1,0<v<N-1
NM =0 y=0

The inverse DFT of F(u,v), 0 <u <M —1, 0 <v <N — 1, is defined as

1

M-1N-1
flzy)=> > F(u,0)e? 5+ %0 for 0<az<M-1,0<v<N-1
u=0 v=0

Example: Let f(0)=0.5, f(1)=0.75, f(2)=1.00, f(3)=1.25. Then

F(0) = 0.875, F(1) = —0.125 4 0.125j, F(2) = —0.125, F(3) = —0.125 + 0.125.



Introduction to Fast Fourier Transform

Assume that N = 2" and M = % The DFT is defined as

1 3= .
:NZ r)wy', where wN:e_zm/N, VOo<u<N

Then
1 2t 1 u(2z+1)
F(u):—Zf(x)sz—— Zfosz +—Zf2x+1
2M = 2
Note that
wint = wif, witM = why, and WM = gy,
Define
1 M-1 1 M-—1
Feven ZfowMa Fodd = Zf2x+1
=0 =0
Thus ]
F(u) = ) [Feven(u) + Foaq(u) * ng]
1 u
F(u + M) = 2 [Feven(u) - Fodd(u) * W2M]



Computational Complexity of Fast Fourier
Transform

To implement the above FFT, let
m(n) = # of complex multiplications

a(n) = # of complex additions/subtractions

Then
m(n) =2m(n — 1)+ 2", where m(0) =0, m(1) = 1.

a(n) =2a(n —1) 42", where a(0) =0, a(l)=2.

Then
m(n) = 2m(n—1)+2"!

= 2[2m(n —2) + 272 4 2n!

= on~lx m(1l) + (n—1) x on—1
= 2" lxn

= %N log, N

Similarly
a(n) = 2"logy N = Nlog, N



Implement Inverse FFT by Forward FFT Algorithm

1= ,
Fu) = N ST fla)e ™ N for 0<u< N -1
=0
N-1 '
flx)=>" F(u)e?wiN for 0 <z < N-—1
u=0
N-1 ,
f*(.T) _ Z F*(u)e—27ruxj/N fO’I" 0<z< N —1
u=0
Then
1 1 N-1 ‘
= T e
Similarly
1 1 N—-1N-1

N2 J; y = ﬁ Z Z F* u U 6—27F(U$+'Uy)j/N

u=0 v=0



Discrete Cosine Transform (DCT)

The 1D DCT of f(x), 0 <x <n—1 can be defined as

1n1

Zf

V2 il cos [(Qx + ur

Zf 2n

The inverse DCT of C(u), 0<wu<n-—1,is then defined as

], u=12---n—1

Fa) = c:(ﬁo V2 ”Zlc l(zx ;n1)m] |

The n-point DC'T Implementation could be done by applying 2n-point FFT.

C(0) = 7 ;)f(fv)
Clu) = Q x Real |e~™/2n . %Z_:I f(x)e—wu:cj/n

NLD
whereu=1,2,--- n—1, f(x)=0 Yez=nn+1,---,2n—1



2D Discrete Cosine Transform

The corresponding 2D DC'T pair is defined as

n—1n—1

2 1 2 1
Clu,v) = ayor, Y Y flz,y) cos[( vt )WT] cos[( y+t >U7T] for 0<wu,v<n-—1
2=0 y=0 n 2n
The inverse DCT of C'(u,v) is defined as
=l 2z + 1 2y +1
flzy) =Y aua,C(u,v) cos[( v )WT] cos[( vt )v7r] for 0<z,y<n-—1
u=0 v=0 n 2n
where
% if u=0,
ay, =
2 oif1<u<n-—1

In practice, n = 8 is used, we have

C(u, ’U) — 7u4/7v ZO ZO f(l’, y) COS[(ZT 41—61>U7T] COS[(2y —|1—61)U7T]
f(z,y) = i Zo ZO%%C(U, v) cos[(% —11_61)WT] COS[(QZJ ‘11‘61)7177]

wherey():%; and v, =1ifv=1,2--- n—1
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DCT in Matrix Forms

Y = CXC", where X is an 8 x 8 image block and C = Qg and Q4 are orthogonal
matrices defined as follows.

-1 1 1 1 1 1 1 1
V2 V2 V2 \/57 \/59 \/?1 V2 \/55
cos 1i6 cos l—g cos 1—” cos l—g cos 1—” cos 1—67’ cos l—g cos 1—”
2 6 107 147 187 227 267 307
, cos 10 cos 30 cos jG cos Jo cos 1 cos i cos i cos 5
us Us us s s s T us
Qs = - cos 10 0051126 cos Js cos J cos J cos 10 cos 15 cos p:
2 | cos l—g coS l—gr cos9 ér coS 1(? coS l—gr cos l—g cos l—gr coSs% ér
cos ?—g cos 115—6” cos 215(? cos 3% cos 415—6” cos 5156” cos 6157” cos 715(?
cos ?—g cos 118—gr cos 310_ér cos %” cos 514—gr cos 6167” cos ?—g cos 910—(?
Kes 217 357 497 637 s 91w 1057
| COSTE COSSE COSTE  COSTE  COSTE  COSHE  cosqg  cos—g- |
1 1 1 1
7 7 7 \/57 13 13 13 13
Q) = L 1 cosk cossE  cosT cos§7r 117 T =7 —17
4= —= N —
V2 | cosZ cosT cosiT cosl?7r 26 | 13 —13 —-13 13
cos%’r cos%’r 0051‘%7r 0032T7r 7T =17 17 =7

Note that in Matlab, the matriz Qg = C' can be acquired by C = dctmiz(8).



Quantization Table and An 8x8 Image Block

16 11 10 16 2 40 51 61
12 12 1) 19 26 58 60 55
14 18 16 2/ 40 57 69 56
14 17 22 29 51 87 80 62
18 22 87 56 68 109 103 77
2/ 35 55 6, 81 104 113 92
49 64 78 87 105 121 120 101
72 92 95 98 112 100 103 99

Table 1: Quantization Table for DCT Coefficients

139 144 149 158 155 155 155 155
144 151 153 156 159 156 156 156
150 155 160 163 158 156 156 156
159 161 162 160 160 159 159 159
159 160 161 162 162 155 155 155
161 161 161 161 160 157 157 157
162 162 161 163 162 157 157 157
162 162 161 161 163 158 158 158

Table 2: An 8x8 Image Block X



An 8x8 Image Block and Its DCT Coefficients

139 144 149 153 155 155 155 155
144 151 153 156 159 156 156 156
150 155 160 163 158 156 156 156
159 161 162 160 160 159 159 159
159 160 161 162 162 155 155 155
161 161 161 161 160 157 157 157
162 162 161 1653 162 157 157 157
162 162 161 161 165 158 158 158

Table 3: An 8x8 Image Block X

235.6 -1.0 -12.1 -5.2 2.1 -1.7 -2.7 1.3
-22.6 -17.5  -6.2 -3.2 -2.9 -0.1 0.4 -12
-10.9  -9.3 -1.6 1.5 0.2 -0.9 -0.6 -0.1
-71 -1.9 0.2 1.5 09 -01 -0.0 0.3
-0.6  -0.8 1.5 1.6 -0.1 -0.7 06 1.8
1.8 -0.2 1.6 -0.3 -0.8 1.5 1.0 -1.0
-1.3 -0.4 -0.3 -1.5 -0.5 1.7 1.1 -0.8
-2.0 1.6 -38 -1.8 1.9 1.2 -0.6 -04

Table 4: DCT Coefficients Qs X Q% of Image Block X



Representation of Quantized DCT Coefficients

235.6
-22.0
-10.9
-7.1
-0.6
1.8
-1.3
-2.6

1.0
1.5
9.3
1.9
0.8
0.2
0.4
1.6

-12.1
-0.2
-1.6

0.2
1.5
1.6
-0.3
-3.8

-5.2
-3.2
1.5
1.5
1.6
-0.3
-1.5
-1.8

2.1
2.9
0.2
0.9
0.1
0.8
0.5
1.9

1.7 27 1.3
0.1 0.4 -1.2
0.9 -0.6 -0.1
0.1 -0.0 0.3
0.7 0.6 1.3
1.5 1.0 -1.0
1.7 1.1 -0.8
1.2 -0.6 -04

Table 5: DCT Coefficients Qs X Q%

of Image Block X

0
0
0
0

1
~

DI

DRI

DRI

DT

DT
LTI

Table 6: Quantized DCT Coefficients for Image Block X

Suppose that the quantized DC coefficient for the last block is 12.

(S,2,3), (1,2,-2), (0.1,-1), (0.1,-1), (0,1,-1), (2,1,-1), (0,1,-1) EOB

13



DAUB4 Wavelet Transformation Matrix

_ 1+v3 _ 3+V3 _ 3-8 _1-v38

Co €1 C2 C3

€3 —C G —C
Co C1 Co C3
C3 —Cp C1 —(

Co C1 C C3
C3 —C C1 —C
Ca C3 Co &1
1 —Co C3 —C

W = DAUB4, cy®> + 12 + ® + 32 = 1.

YHP*4W*3X*1Wt*2Q



A 3-scale Daubechies’ four transform
image
6/ 90 83 88 |127 174 174 179
67 93 89 82 |125 175 180 178
65 79 79 69 |127 169 180 181
59 7 91 62| 117 170 182 181
57 82 98 57102 162 180 180
59 75 104 58| 90 163 187 183
59 79 105 67| 74 159 189 182
61 76 100 67| 65 131 188 186
935|-316| 61 -84 | 2 -11 10 -73
o1 | =8| 0 75| 24 -9 15 -7
4 5 |11 8| 46 -39 25 -76
29 7 | 18 0 | 36 -52 37 -1
2 4 0 2|6 7 -1 3
4 -2 4 52 1 -2
2 2 10 -1| 1 -10 0 -1
17 18 6 |-14 12 -11 0

of an 8x8

15



Haar Wavelet Transformation Matrix

00:1/\/5, 61:1/\/5.

Co C1

Ch —C1
Co C1
C —C

Co &1

Ch —C
Co C1
ch —C

Y « P x4 H %3 X %, H % Q
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Example of 3-scale Haar transform of an 8 x8 image

64 90 83 88 |127 174 174 179
67 93 89 82 |125 175 180 178
65 79 79 69 | 127 169 180 181

59 T4 91 62 | 117 170 182 181

57 82 98 57 | 102 162 180 180
59 75 104 58 | 90 163 187 183

59 79 105 07 | 74 159 189 182

61 76 100 067 | 65 131 188 186

926 |-825| -12 62| -26 0 48 -1

26 | -19 | -26 -131|-14 19 -47 0

19 1 0 7 0-20 43 -66 2




Singular Value Decomposition (SVD) + PCP

Spectrum Decomposition Theorem: A = WAW!

Every symmetric matrix can be diagonalized.

SVD Theorem: A =UXV! =%

=1

Each matrizx A € R™ ™ can be decomposed as A = UXV'?, where both U € R™*™

O'Z'llz‘Vg

andV € R™ ™ are orthogonal. Moreover, ¥ € R™*" = diag[oy, 09, ..

15 essentially diagonal with the singular values satisfying o1 > 09 > ... > o3 > 0,

ando; =0V j > (k+1).

Example:

N[

[N

1
3 0
1
-1 0
1 1
2 V2
-1 1
2 V2
W =

-

-

o

o

—2 6 6
2 —6 —6
—6 5 —1
6 —1 5 |
] 1
2
_1
2
, V=
1
2
1
i L 2
1 1
: 0 -7
1 1
: 0 -7
1 1
s v 0
1 1
s —vs O

NI N

N[

S

S
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Gabor Filter(s) and Transform(s)

A 2-dimensional (symmetrical) gabor filter can be defined as

f(z,y) = exp <—1 [ﬁ + %Z]) X cos[2m o (z cos O + ysin 6)] (1)

52
2 oz 5

where g 1s the frequency of a sinusoidal plane and o, and o, are corresponding to the
variance of the Gaussian distribution (shape). Simple computations lead to the Fourier
transform which possesses a similar form as the gabor filter has.

F(u,v) = mo,0, {exp (_% |:(u—,u0 cos )2 L (o-no Sm@)zb

og o3

2
Ty Ty

1

2moy

Ha,yl « Fyle,y) = InvFT{FT(I[z,y]) x FT(Fjlz,y])}

where 0, = 5=—, 0, =
xT



