Vector Norms

Definition: A vector norm on R" is a function
T: R'" - R'={x>0|r€R}
that satisfies
(1) 7(x) >0 Vx#0, 7(0)=0
(2) 7(ex) =lc|r(x) Vce R, x€ R"

(3) 7(x+y) <7(x) +7(y) Vx,y € R

Hélder norm (p-norm) ||x||, = (327, ]xi\p)l/p forp>1.

(p=1) |Ix|ls = > || (Mahattan or City-block distance)

(p=2) ||Ix[]2 = (=7, |#:]*)"* (Euclidean distance)

(p=00) [|X|loc = maz1<;<n{|z:|} (00-norm)
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Matrix Norms

Definition: A matrix norm on R™*" is a function
T R™" — RY={2x>0|x€R}
that satisfies
(1) 7(A) >0 VA#O,7(0)=0

(2) 7(cA) = |c|T(A) YV ce R, A R™"

(3) 7(A+ B) < 7(A) +7(B) ¥ A,Be R

Consistency Property: T(AB) < 7(A)7(B) V A, B

(a) 7(A) = maz{lay| [ 1<i<m, 1<j<n}

(b) |Allr = { > aQ}l/Q (Frobenius norm)

=1
Subordinate Matrix Norm: ||A| = mazxo{|Ax|/[x|}

(1) If Ae R™™, then [|A|ly = mazi<j<n (X1 |ag])

(2) If A€ R™", then [|A]lo = mazi<icm (S |ai;])

(3) Let A € R™" be real symmetric, then ||Alls = maxi<;<n|\;|, where A\; € A(A)
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Theorem: Let A = [a;;] € R™*", and define ||A||; = Max|y),=1{|[Au|1}. Show that

[Allr = Mazi<;<n {Z|%‘|}

i=1

(Proof) Let 7, |aix| = Mazi<j<n {31 |aij|}, for any x € R" with ||x||; = 1, we have

[Ax[l, = X, X0 agzy)

IN

YLy o |ay)|

= i 2t fai] - |zl

= il {2 layl}
< X lw {EE faix |}
= {27 | L, x|}
= Ix[[ {2 laix|}

= X% faix]

Thus,

Moaz )y, =1{[[Aul1} < Mazi<;<, {Z |a,~j|} = Z laik| fora K, 1<K <m.
i=1

=1

In particular, when x € R" is selected as x = ey, that is, zrx =1, and x; =0V 1 <
1 <n, it # K, then the above equality holds, which completes the proof.
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Theorem: Let A = [a;;] € R™*", and define ||A|l = Maz |y =1{||Au||o}. Show that

[Alloo = Mazi<i<m {Z|%‘|}

=1

(Proof) Let > |ag;| = Mazi<i<m {Z]azjl}, for any x € R" with ||x||oc = 1, we have

j=1 j=1

|Ax|l = Maxlgigm{lz?:wm\}
< Maticiom {50y lag| a1} < Mazicicm {7 aylI1x]lo

< Mazi<icm {1 25-1 ‘aij‘} =271 lax;]

Thus, |Alle = Maz|y)=1{l|Au]|} < Mazi<icm {Z|%‘|}‘

j=1

In particular, if we pick up y € R™ such that y; = sign(ak;), V1 < j < n, then
[¥lloo = 1, and [|Ay|loc = 3°j-; |ax;|, which completes the proof.
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Theorem: Let A = [a;;] € R"*", and define ||A||, = Max|x,=1{]|Ax]||2}. Show that

| Al = \/p(AtA) = \/maa:imum eigenvalue of AtA (spectral radius)

(Proof) Let Ay, A2, ---, A, be eigenvalues and their corresponding unit eigenvectors
u;, up, ---, u, of matrix A'A, that is,

(AtA)ui = )‘iui and ||11Z||2 =1Vl S 1 S n.

Since uy, up, ---, u, must be an orthonormal basis based on spectrum decomposition
n

theorem, for any x € R", we have x = Zciui. Then
i=1

1Al = Mazj,={||Ax|}2}

=/ Maz),—i{]|Ax[3}

= M&-I'Hx”g:l{\/m}
= M&x||x||2:1{ ‘Z )\Z-C?‘}
=1

< Marici<n{\/IN}

The equality holds if |A\;| = Mazi1<j<n|A;| and u; = e is selected and u; = 0 for

2<j<n.
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Theorem: Let A € R™™ and A* = A, show that the eigenvectors corresponding to
dintinct eigenvalues are orthogonal.

(Proof) Let A and p be two distinct eigenvalues of A with corresponding eigenvectors x
and y, then we have

Ax =X x — yAx=)\y'x =Ny, x) = \x,y)

and
Ay =py — x'Ay = px'y = pu(x,y) = puly,x)

Since A* = A, then (y'Ax)' = x'A'y = x' Ay, thus \(x,y) = p(x,y), which implies
that (A — p)(x,y) = 0 because A # pu, and hence (x,y) = 0 or say, x and y are
orthogonal.
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1 -2 1 0
7. Letb=| =5 |, C= 1 =2 0 |. Writing a single Matlab command to solve
4 0 0 2

each of the following questions for a ~ h and answer the questions for i ~ h.

(a) Randomly generate a 3 by 3 matrix A whose elements are integers in [0, 10).
(A = fix(10*random(’unif’,0,1,3,3)))

(b) Input vector b.
(b = [1; -5; 4])
(c) Solve the linear system Az = b for .
(x = A\b)
(d) Input matrix C' given above.
(¢ = [-2,1,0; 1,-2,0; 0,0,2])
) Compute the characteristic polynomial for C. p=poly(C)
) Compute the eigenvalues and eigenvectors of C. [U, D]=eig(C)
(g) Compute the trace of matrix C. trace(C)
(h) Compute the rank of matrix C. rank(C)
) Compute the LU — decomposition of the matrix C. [L,U,P]=lu(C)
) Compute the QR — factorization of the matrix C. [Q, R]=qr(C)
)
)

eigenvectors.
(m) What is the result of (g)? -2
n) What is the result of (h)? 3
o) What is the result of (i)?
p) What is the result of (j)?

(
(
(



