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Matrix Notations and Operations
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o A=la;]or(a),i=1,2---,m;j=1,2,---,nor denote A € R™*"
e An m x 1 matrix is called a column vector, denote b € R™
e A 1 x n matrix is called a row vector, denote y* or y’ € R", where y = [y1, y2, **, Yl
o Let XY € R, X = [x;5], Y = [yij], define X +Y = [x;; + ;]
e ' =AB for A € R™", B e RP*?is well-defined only when n =p
C = [¢ij] € R™*4, where ¢;; = Y1_ @ikby;
o C' = Alby, by, -+, b, = [Aby, Aby, - -+, Ab]
e Matrix multiplication is associative (AB)C = A(BC') but not commutative AB # BA

<& The following linear system of equations can be written as Ax = b with the augmented
matrix [A | b].

a1 —+ a12T9 + - - + AinTn = bl
211 + A929T9 + - - + A92p,Tn = b2
Am1 1 + Am2T2 + - -+ AynLy = bm
The system is homogeneous if by = by = --- = b,, = 0, overdetermined if m > n, and

underdetermined if m < n



Overdetermined, Underdetermined, Homogeneous

Systems
a11T1 + a12T9 + -+ AnTy, = bl
211 + a929T9 + -+ aAonly — b2
Am1T1 + G2y + 0 Gpp®y = bm

Ax=Db

Definition: A linear system is said to be overdetermined if there are more equations than

unknowns (m > n), underdetermined if m < n, homogeneous if b; =0, ¥V 1 <i < m.

r + y = 1 r + y =3 r + y = 2
(A) r — y= 3 (B -y =1 (C) 2z 4+ 2y = 4
- 4+ 2y = =2 2 + y = 5 —-r — Yy = —2

(A) has no solution, (B) has unique solution, (C) has infinitely many solutions

r + 2y + z = -1 r + 2y + z = 5
(D) (E)
2 + 4y + 2z = 3 2 — y 4+ z = 3

(D) has no solution, (E) has infinitely many solutions



A Direct Solution of Linear Systems

A linear system

2 + y + =z = 3
dr — Oy = -2
—2x + Ty + 2z = 9
A matrix representation
2 1 1 x D
Ax =b, or 4 —6 0 y =1 -2
-2 7 2 z 9

& Solution using MATLAB
>> A = [27 1727 47 _670u - 2777 2]7
Nb=1[5 —2 9];
) x=A\b (z=][1; 1; 2])



Elementary Row Operations

(1) Interchange two rows: A, < Aj
(2) Multiply a row by a nonzero real number: A, «— «aA,

(3) Replace a row by its sum with a multiple of another row: A; «— aA, + A;

010 10 0 1 00
Ey=1100{, Eb=[01 0 |, E35=01 0/,
0 01 00 -2 1 01
& Example
2 1 1 4 -6 0 2 1 1 2 1 1

A= 4 -6 0|, Bl A=| 2 1 1|, BeA=|4 —6 0 |, BsA=]4 —6 0

-2 7 2 -2 7 2 4 —14 —4 0O 8 3
Let
1 00 1 00 1 00 2 1 1
Lsy=|10 10}, Ly={0 10|, Ly=]-21 0], A= 4 —6 0
01 1 1 01 0 01 -2 7 2
Then _ i
2 1 1

LiLoLiA= |0 =8 =2 | =U (Upper —A)

A= (L'LyPLNU = LU, where L is unit lower — A



LU-Decomposition

If a matrix A can be decomposed into the product of a unit lower-A matrix L and
an upper-A matrix U, then the linear system Ax = b can be written as LUx = b. The
problem is reduced to solving two simpler triangular systems Ly = b and Ux = y by
forward and back substitutions.

2 1 1 100 100 1 00
A= 4 —6 0|, Ly=[0 1 0|, Ly={0 1 0], Ly=|-2 10
-2 7 2 011 101 0 01
Then
2 1 1
LiloliA=|0 -8 =2 |=U = A=L'Ly'L;'U=LU
0 0 1
where
2 1 1 1 0 0ol[2 1 1
A= 4 -6 0|=|2 1 0||0 -8 —2|=LU
-2 7 2 -1 -1 1|0 0 1

O Ifb=[5,-2,9 then y = [5,-12,2]" and x = [1,1,2]"

2 -2 3 1 1
B=|-2 3 —4|, b=]0 = x=|2

4 =3 7 5 1



Gaussian Elimination with Partial Pivoting

Not every matrix A (even if A is nonsingular) can be decomposed into the product of a
unit lower-A matrix L and an upper-A matrix U by directly using Gaussian elimination.
Whereas, for a nonsingular matrix A, Gaussian Elimination with Partial Pivoting will be
introduced to overcome this problem later.

A linear system

y + 22 = 0
T+ oy + 22 = 1
2 + 2y + 2z = -1
A matrix representation
[0 1 2] [a] [ 0]
Ax =b, or 1 1 2 y | =11
12 2 1] 2| | -1

A corresponding augmented matrix for Ax = b is

01 2] 0
[Ab] = |1 1 2 | 1
2 21 | -1
or equivalently
2 21 | -1
Eux[Abl = [ 1 1 2| 1
01 2] 0

& Solution by using MATLAB
>> A= [O, 1,2:1,1,2:2,2, 1];
>> b = [07 17 _1},7
Nar=Ab (z=[1; —2; 1))



Row Echelon Form

Definition: A matrix is said to be in row echelon form if
(a) The first nonzero entry in each row is 1

(b) If row k does not consist entirely of Os, the number of leading zero entries in row
k+1 is greater than that in row k

(c) If there are rows whose entries are all zero, they are below the rows having nonzero
entries

& Ezxample: Matrices are in row echelon form

1 4 2 12 3 1 301

01 3], 00 1]/, 001 3

0 01 000 0000
& Ezample: Matrices which are not in row echelon form

2 4 6 000 1020

03 5|, 010/, 001 2
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Matrix Inverse and Transpose

A matrix A € R™" is invertible iff 3 B such that AB = BA = I,,. If the inverse B
exists, B is unique and is denoted by A1

(1) A matrix is nonsingular if it is invertible

(2) If there exists two inverses B and C, then B=C

(3) The inverse of A~!is A

(4) A diagonal matrix is invertible if none of its diagonal entries is 0

a b d b
,then A=t =

(5) It A=

" ad—bc

c d

—C a

(6) If both A and B are invertible, then (AB)™!' = B~1A~!
(7) The transpose of A = [a;;] is A" = [a;)

(8) Ac R = A'e R™™ and (AB)'= B'A’
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Computing An Inverse Matrix By Elementary Row

Operations
1 23 100
A=1|1 3 3 010|=1I
2 4 7 00 1
(1 2 3] 1 0 0]
FiA=101 0 -1 1 0| =EI
2 4 7 0 0 1]

[1 2 3] 1 0 0]
FEyEiA=10 1 0 —1 1 0| =E,EI
0 0 1] -2 0 1|
103 3 -2 0
EsE,FyA=10 1 0 —1 1 0| =E3E,F\I
00 1 -2 0 1

1 00 9 -2 -3
E,EsEsEZA=10 1 0 -1 1 0 |=EEEEI=A"
00 1 -2 0 1

where the elementary matrices are
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Computing Matrix Inverse

& Gauss-Jordan Method for Computing A~ with O(n?)

<& By solving Alxy, X, -+, X, = [e1, €2, -, €]
Ezample
r 7 r 3 -5 =
-1 -3 _
| -2 7 2] -1 1 1
<& The inverse of a unit lower-A matrix is also unit lower-A
1 0 0 0] 1 0 0
1 1
7 1 00 -5 1 0
L= = L=
11 1 1
3 3 L0 -1 T3 1
1 1 1 1 1 1
L3 2 3 1) L1 T3 T3




Some Special Matrices

A= [CLU] e R

Diagonal if a;; =0V i # j

Lower — Aif a;; =01if j > 1

Unit lower — A if A is lower-A with a; = 1

Lower Hessenberg if a;; =0 for j > i+ 1

Band matrix with bandwidth 2k + 1 if a;; = 0 for |i — j| > k

O A band matrix with bandwidth 1 is diagonal
O A band matrix with bandwidth 3 is tridiagonal
O A band matrix with bandwidth 5 is pentadiagonal

O A lower and upper Hessenberg matrix is tridiagonal

(5 2 0 0]
70 0 100
1 6 40
Ai=118 0], Ay=1]2 1 0|, A;=
2 3 7 3
239 341
120 8

12
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Elementary Matrices (Row Operations)

(1) Interchange two rows E;;: R; «— R;
(2) Multiply a row by a nonzero real number Ej(a): aRy

(3) Replace a row by its sum with a multiple of another row E;;(y) : yR;+R; — R,

A=| 4 —6 0|, EpA=| 2 1 1|, Es(-2)A=1|4 -6 0 |, Ez()A=|4 —6

-2 7 2 -2 7 2 4 —14 —4 0 8
For
1 00 1 00 1 00 2 1 1
Eyu(l)=10 1 0|, Ei3(1)=]0 1 0], Ep(-2)=| -2 10|, A= 4 -6 0
01 1 1 01 0 01 -2 7 2
We have
2 1 1

Ex(1)Ei()E(—2)A= |0 -8 —2 | =U (Upper—A) = A= [E;p(=2)] ' [E(1)] Ews(1)] U



14

LU-Decomposition

If a matrix A can be decomposed into the product of a unit lower-A matrix L and
an upper-A matrix U, then the linear system Ax = b can be written as LUx = b. The
problem is reduced to solving two simpler triangular systems Ly = b and Ux = y by
forward and back substitutions.

0

0

1

2 1 1 1 00 1 00 1 0
A= 4 —6 0], Ex3(1)=]0 1 0|, Ex3(1)=[10 1 0|, Ejn(-2)=| -2 1
-2 7 2 011 1 01 0 0
Then
2 1 1
Eop()Ei3()Ep(—2)A= {0 -8 =2 | =U = A=[En(=2)] '[Es(1)] [Es(1)]'U=LU
0 0 1
where
2 1 1] 1 0 0o][2 1 1]
A= 4 -6 0|=] 2 1 0 0 -8 =2 | =LU
-2 7 2] -1 -1 1][0 0 1 |

O If b = [5,-2,9]" and use B = [A|b] instead of A, the above processes will obtain
y =[5,—12,2]" and x = [1, 1, 2]

O The inverse of a (unit) lower — A matrix is (unit) lower — A.

O The product of (unit) lower — A matrices is (unit) lower — A.



Analysis of Gaussian Elimination

& Algorithm
fori=1,2,---,n—1
fork=14+1,i4+2,---,n
My < agi/a; if a; #0
Qi < Mk
forj=i+1,i+2,---,n
Ak < Qgj — M *
endfor
endfor

endfor

e The Worst Computational Complezity is O(3n?)

1. #ofdivisionsare(n—1)+(n—2)+---+1:%

2. # of multiplications are (n —1)? + (n —2)* + -+ + 12 = w

3. # of subtractions are (n — 1)+ (n —2)* + -+ - + 1% = %
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The Analysis of (Gaussian Elimination and Back

Substitution to solve Ax=Db

2,3 43,2 _ 1
3n +3n gh

Rl L a1 + 122 + -+ A1y — b1
Rg 0211 + A%y + o+ QonT, = bg
RZ' LA + ;99 + -+ AinLy — bz
Rn D01yt ApaT2 s QppTn = bn

By Gaussian Elimination, we need Cy = [Yp_;(k+ 1)(k —1) + >}_, k(k —1)] flops
to reduce the above linear system of equations equivalent to the following upper triangular
system.

Rl DUy + U1 + -+ Uiy, — C1
RZ' . Ui T4 + -+ UinTyn — C;
R, : UpnTn = Cn

We need Cy = 3°7_,(2k — 1) = n? flops to solve an upper triangular linear system of
equations. Therefore, the total number of flops of solving Ax = b is summarized as

2 3 7
C’1+C'2:§n3+§n2—6n
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PA=LU

Let A € R4, by Gaussian Elimination with Partial Pivoting, we might have
L3P3L2P2L1P1A =U

where P; corresponds to Ry «— Ry, P, corresponds to Ry «—— Ry, P3 corresponds to
R3 «+— Ry, and

1 000 1 0 00 10 0 0
a; 1.0 0 01 00 01 0 0
L=t o1 o0l 25loa 10| B7loo 1 0
ag 00 1 0 as 0 1 00 ag 1

Here
[0 0 0 1] (10 0 0] 1.0 0 0]
0100 0001 0100
P=loo10]" 2 lo0o10] B o001
1000 0100 0010

If we rewrite L3 P3LoPo L1 PLA =U as

U= L3P LoPyL1(Py ' Py) PLA = LyPsLo(Po Ly Py )Py P A,

we have
1 000][1 0007[1 0007 [1 00 0]
000 1|]a 1 00[|000°1 a; 1 0 0
BLET =101 a 010|001 0| |a 010 =Ly
0100||a; 001|010 0 o 0 0 1
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Note that Py, ' = P,. Similarly, P; ' = P;, and thus we have

U = LyPyLy L\ PP A = Ly(Py Lo Py (P L P Py PP A = L LV L2 PP, P A

where
1 0 0 0] 1 00 0]
01 00 a; 10 0
Ly = 0 as 1 01’ LYY = o 01 01
0 ay 0 1 a 0 0 1

It follows that
PA= (PsP,P)A = (LsLV L)' = (L) (L)) 'L 'U = LU

Here L is the unit lower triangular matriz (unit lower-A) and P is a permutation matrix
given below.

1 0 0 0 [0 0 0 1]
—as; 1 0 0 1000
=1 _0, a5 1 o] P=lo1 01
-y —oy —op 1 0010

Theorem: For any A € R™™", there exists a permutation matrix P such that PA = LU,
where L is unit lower — A and U is upper — A.



Gaussian Elimination with partial Pivoting

& Algorithm
fori=1,2,---,n
p(i)=i
endfor
fori=1,2,---,n—1
(a) select a pivotal element a,;); such that |a;y:| = mazicp<n|pe) |
(b) p(i) < p(j)
(¢c)fork=i+1,i+2,---,n
Mk i = Ap(h),i/ Ope),i
forj=i1+1,14+2,---,n

Ap(k),j = Ap(k),j — Mp(k),i * Ap(3),j

endfor
endfor

endfor

e An example

A=11 2 =2 = PyuPsA=LU=|0 1 0 0 9 1

2 =5 4

N[
[N
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Matlab Codes for Gaussian Elimination with Partial
Pivoting

% function [x,P]=GaussPP(A,b) - Solving Ax=b by PA=LUx=b,

yA Gaussian Elimination with partial pivoting
function [x,P]=GaussPP(A,b)

[m n]=size(A);

if (m"=n)
error (’matrix A must be square’);
end
P=1:n;
Aug=[A, b]; % the augmented matrix

% Forward Elimination
for i=1:n-1
kmax=i;
t=abs (Aug(i,i));
for k=i+l:n
if (abs(Aug(k,i))>t)
t=abs(A(k,1)); kmax=k;
end
end
if (kmax~=1i)
tv=Aug(i,i:n+1);
Aug(i,i:n+1)=Aug(kmax,i:n+1);
Aug(kmax,i:n+1)=tv;
kr=P(i); P(i)=P(kmax); P(kmax)=kr;
end
for k=i+l:n
r=Aug(k,i)/Aug(i,i);
Aug(k,i+1:n+1)=Aug(k,i+l:n+1)-r*xAug(i,i+1l:n+1);
Aug(k,i)=r;
end
end
% Back Substitution
x=zeros(n,1);
x(n)=Aug(n,n+1)/Aug(n,n);
for j=n-1:-1:1
x(j)=(Aug(j,nt+1)-Aug(j,j+1:n)*x(j+1:n))/Aug(j,j);
end
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Matlab Codes for Gaussian Elimination with Partial

Pivoting
S oo
%% gausspp.m - drive of Gaussian Elimination wit Partial Pivoting Ioth
S — oo

fin=fopen(’gaussmat.dat’,’r’);
n=fscanf(fin,’%d’,1);

A=fscanf (fin,’%f’,[n nl]); A=A’;
b=fscanf (fin, ’%f’,n);
X=gausspivot (A,b,n)

=TT oo
%% gausspivot.m - Gaussian elimination with Partial Pivoting Dot
/St o

function X=gausspivot(A,b,n)

if (abs(det(A))<eps)
disp(sprintf(’A is singular with det=Yf\n’,det(A)))
end

h——————= Gaussian Elimination with Partial Pivoting ------ A
for i=1:n-1
[pivot, k]=max(abs(C(i:n,i)));
if (k>1)
temp=C(i,:);
C(i,:)=C(i+k-1,:);
C(i+k-1,:)=temp;
end
m(i+l:n,i)= -C(i+1:n,i)/C(i,1);
C(i+1l:n,:)=C(i+1l:n,:)+m(i+1:n,i)*C(,:);
end
Y= Back substitution ------- %
X=zeros(n,1); %% Let X be a column vector of size n
X(n)=C(n,n+1)/C(n,n);
for i=n-1:-1:1
X(i)=(C(i,n+1)-C(i,i+1:n)*X(i+1:n))/C(i,i);
end



Matlab Codes for A=LU Decomposition

% function [L,U]=LUdecomp(A) - A=LU decomposition
% Compute the LU decomposition of A such that (L,U) appeared in output A
function [L,U]=LUdecomp(A)
hA=1[2, 1, -2;
pA -4, -1, 5;
b 2, 2, 21;
h b= 1[-2; 3; 0];
%x=1[1; -2; 1]; Solution for A*x=b
[m nl=size(A);
if (m™=n)
error ("matrix A must be square’);
end
A
% Forward Elimination
for i=1:n-1
for k=i+l:n
r=A(k,i)/A(i,i);
A(k,i+1:n)=A(k,i+1:n)-r*A(i,i+1:n);
A(k,i)=r;
end
end
L=zeros(m,n);
U=zeros(m,n);

for i=1:m
for j=1:n
if (1>3)

L(i,§)=AG,j);
elseif (i==j)
L(i,j)=1;
U(i,j)=A(1,7);
elseif (i<j)
U(i,j)=A(1,]7);
end
end
end
OutputMatrixA=A
o2 1 -2 1
% -2 1 1, where L = -
%5 1 1 3 1

N
= = O



Matlab Codes for [L,U,P|=PALU(A)

% function [L,U,P]=PALU(A) for (solving Gaussian Elimination with
yA Partial Pivoting)
function [L,U,P]=PALU(A)
[m n]=size(A);
if (m™=n)
error ("matrix A must be square’);
end
P=eye(n); Q=1:n-1;
% Forward Elimination with Partial Pivoting
for i=1:n-1
t=abs(A(i,i));
for k=i+l:n
if (abs(A(k,1))>t)
t=abs(A(k,1)); kmax=k;
end
end
Q(i)=kmax;
tv=A(i,i:n);
A(i,i:n)=A(kmax,i:n);
A(kmax,i:n)=tv;
rowvec=P(i,:); P(i,:)=P(kmax,:); P(kmax,:)=rowvec; 7 compute P
for k=i+l:n
r=A(k,1)/A(i,1);
A(k,i+1:n)=A(k,i+1:n)-r*A(i,i+1:n);
A(k,i)=r;
end
end
% Switch Q(j+1) with L(j) in PA=LU
for i=2:n-1
k=Q(1);
if (k7=i)
rv=A(i,1:i-1);
A(i,1:i-1)=A(k,1:i-1);
A(k,1:i-1)=rv;
end
end
L=eye(n); U=zeros(n,n);
for i=1:n
for j=1:n
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if (i==j)
U(i,j)=A,7);

elseif (i>j)
L(i,j)=A(i,7);

elseif (i<j)
U(i,j)=A{,7);

end
end

end

Q

hA=[ 0 1 2 3;
yA 1 2 4 b5
% 2 -2 3 -1;
% 4 2 1 0];

% 4.0000 2.0000 1.0000 0.0000
% 0.2500 -3.2500 2.5000 -1.0000
% 0.5000 -0.5000 5.0000 4.5000
% 0.0000 -0.3333 0.5667 0.1167
% ________________________________
%P =[0
yA 0
% 0
% 1



