Solutions for Exam 2 for CS2334(01)
December 4, 2017

Name : Student Number : Index :

1.(20%) Mark O if the statement is true, and mark x otherwise.

( x ) (1) R™is a vector subspace of R" for all 1 <m < n.

( O ) (2) Ttis possible to find a pair of 2-dimensional subspaes S and T of R? such that
dim(SNT)=1.

( O ) (8) If Sand T are subspaces of a vector space V, then both SNT and S+ T are
vector subspaces of V.

( x ) (4) Ifxy,x9,+,x,, are linearly independent vectors in R", then span(xi, Xg, -+, Xm) =
R™.

( O ) (5) rank(A) = rank(A") for any A € R™*™.

( O ) (6) Let A R™", then Null(A) < R" and R(A) < R™.

( x ) (7) Let S ={[x,y]'| y =3z +2} C R? then S is a vector subspace of R
( x ) (8) Ifx,y,ze€ R" and (x,y) = (y,z) =0, then x L z.

( O ) (9) A set of nnonzero orthogonal vectors in R™ must be a basis for R".

( x ) (10) Let U = span([1,0,1]*) and V = span([0,1,0]*), then U & V = R3.



I1.(40%) Answer the following questions

(A) Let u,v,w,z € R" be orthonormal vectors, then ||lu —3v +5w —z|,=_ 06

(B) Let x=[1,2,1,2]", y = [1,—1,—1,1J", then the angle between x andy = %

(C) Let V ={[0,0,2]'| z € R} C R3, then V* = span([1,0,0]*, [0,1,0]")

(D) Let u=11,2,3,4]", then the rank of uu’ = _ 1

(E) Let a=[1,1,1]", b = [5,3,7]", then the projection of b along the line a = _ 5a
10 1

(F) Le¢ A= | 0 1|, b= |1/, the least squares error solution of Ax = b is
10 1

[1, 1)

(H) Let x = [1,1,1,1,1,1,1,1)%, y = [1,2,3,4,5,6,7, 8]}, and Q € R*® is orthogonal,
then (@Qx,Qy) = __36

(I) Lety =[=1,3,=5,1]", then [ly [l + [[yll2 + Iy lle = 21 _

J) Let f,g € C[-1,1], and define the inner product (f,¢) = [*; f(z)g(x)dz, then
1
(sin27ma,sin27z) = 1, (cosdmx,cos3mz) = 0



II1.(10%) Let x € R", show that [[x||e < [|x]l2 < [|%]1.

Proof Let |z)| = mazi<j<n{|7;|} = ||x||oc, We have

n n
ok <D0l < YoMl +2 Y0 Jal - [
j=1 j=1

1<i<j<n

which implies that
% < [IxI3 < It

Thus,
1x[[oo < [|x[l2 < [|x]]1

which completes the proof.

IV.(10%) Let L : R* — R? be a linear transformation such that
1 0

Lo :lé],L 1 :[_111,L
0 0

(a) Find the kernel of L, Ker(L).

)
| |) o] o[ 2 ][] <[ 8]

we have a = —2¢ and b = ¢, then Ker(L) = span([—2,1,1]").

(Sb)
{

il

(b) Evaluate L (

(Sa)

3

: ] ) — 3L(e1) + 2L(ey) + L(es) — [ M ]

1



V.(20%) A Householder matrix H can be defined as H = I — 2uu’, where u € R" and
[ufls = 1.

(a) Show that H is symmetric.

(b) Show that H is orthogonal.

(c) Show that H' = H.

(d) Let u=[3,3,—3,—3]  and U = I — 2uu’, compute U.

(e) Given any two unit vectors x,y € R", that is, ||x||2 = ||y|]2 = 1. Find a Householder
matrix 7" € R™" such that Tx =y.

(Sa)
H' = (I -2ud")! = I'=2(u")'d" = I —-2uu’ = H
Thus, H is symmetric.
(Sb)
H'H = (I-2ud)/(I—-2uu’) = (I-2uu’)(l—2uu’)
= [ —4uu’ 4+ 4(uu’)(uu’) = I —4uu’ + 4u(u’u)u’
= ] —4uu® + 4uu! = T
Thus, H is orthogonal.
(Sc) Since H'H = HH = I by (a) and (b), thus, H~! = H.

(Sd)

(Se) Let v=x—y, define u= Y- and H = [ — 2uu’, then Hx =y.

lIvll2?



