CSbh371
Theory of Computation

Lecture 15: Computability VI
(Post's Problem, Reducibility)



Objectives

* In this lecture, we introduce Post's
correspondence problem (playing with a
special type of domino)

+ We also infroduce computable functions,
which allows us to look at reduction in a
formal way



Post's Correspondence Problem

Let P be a finite set of dominoes {d,,d,.....d,}.
each piece of domino d. consists of a top
string 1, and a bottom string b,

[We assume both top and bottom strings are nonempty]
An example set of dominoes:

123 132 32 2 23
2 3 321 321 3




Post's Correspondence Problem

A match inPis a sequence il, i2, ., | (allowing

repeats) such that LA b|1b|2 b

That is, we can find a sequence of dominoes such

that the concatenation of top strings equals the
concatenation of bottom strings

E.g., a match using the previous set P :

32 123 2 13
321 2 321 3




Post's Correspondence (2)

Let PCP be the language
{(P) | P is a set of dominoes with a match}

Theorem: PCP is undecidable



Post's Correspondence (3)

Before we do that, let us study a related
problem:

Let MPCP be the language

{(P) | P is a set of dominoes with a match
starting with the first domino}

Theorem: MPCP is undecidable



Proving MPCP

Proof Idea:
Prove by reducing A+, tfo MPCP.
I.e., assume MPCP is decidable, show A+, is decidable.

On input M, w, let us design a set P of
dominoes, such that

M accepts w < there is a match in P
In particular,
M on w has an accepting computation
& there is a match in P



Proving MPCP (2)

How can we design a finite set of dominoes

in P, so that it is f

exible enough to

represent M's computation sequence?

Difficulty: We cannot know M's computation
sequence other than running Ml How do
we know what kind of dominoes we need
to prepare in advance?



Proving MPCP (3)

Observation:

From a configuration to the next one,

(1) the change is "local”, only around the
tape head, and

(2) number of possible changes are finite



Proving MPCP (4)

Le'f M - (Ql Zr F/ 6/ qu qaccl qr'ej) Gnd
W = WiW,..W,

(1) Design first domino: (2) Foralla,binT, all q,r
iIn Q (g #4q.,) cCreate:

#
HHqy WW,..W,, qa
br

if 6(q,a) = (r,b,R)



Proving MPCP (5)

(3) ForallabcinT,allqr (4)ForallainT, create:
in Q (q #q.,), create:

a
cqa | | #qa | | #qa q
rcb | | #rb | |[I#rb
() Create:
if 6(q,(1) = (r"b'L) p” m
The 2" and 34 dominoes are # #

used when the tape head is
at the leftmost end of tape



Proving MPCP (6)

Suppose that starting configuration is
something like: q,0101 and after the
first transition, we obtain: 1q; 101

BTW, what do we know about 5(q,,0) here??
Then, at the beginning, we have:

#
HHEHQWW,..W,




Proving MPCP (7)

Then, with the dominoes created so far, we
can obtain a 'partial’ match as follows:

H # |90 1 0 1
H#H#q, 0101 # || 1q, || 1 0 1

In the bottom string, the first configuration
#q, 0101 is matched, while at the same
time we have created (uniguely) the next
configuration #1q, 101



Proving MPCP (8)

Applying the above idea repeatedly, we can
obtain the 2" configuration, the 3"
configuration, and so on ...

In particular, if M accepts w, the bottom
string will eventually generate an accepting
configuration

On the other hand, if M does not accept w,
the bottom string never generates an
accepting configuration



Proving MPCP (9)

Now, it remains to create the remaining
dominoes so that once we have obtained
the accepting configuration (in the
bottom string), we can guarantee to
obtain a match

In other words, there will be a match if and
only if M accepts w



Proving MPCP (10)

(6) For all ainT, create: (7) Create:

0q4cc | | 9accl Qucc FH
Qoce | | Yocc id

Once we have an accepting configuration, we can
apply the dominoes in (6) to 'simplify’ the bottom
strings, so that one character (adjacent to q,..)
is deleted in each subsequent configurations

Eventually, the bottom string becomes q, . #
which can be matched with the domino in (7)



Proving MPCP (11)

Thus, MPCP has a match if and only if M
accepts w.

Consequently, we can conclude that
MPCP is undecidable  (Why?)

It remains to show PCP is undecidable ...
We prove this by reducing MPCP to PCP



Reducing MPCP to PCP

We use a trick to transform any MPCP
problem to a PCP problem, while enforcing
the match must start with first domino

Before that, we intfroduce the following
notation: for any stringu=u;u, .. u,

UT Z ok Uk U, Lk Uk
U = Up* Uy .. o% Uy *
U =k UE Uy, * L * Uy



Reducing MPCP to PCP (2)

Let P' = {d;.d,,...d,} be the dominoes in MPCP,
with d. consisting a top string t; and bottom
string b;, denoted by d. = t, | b.. (d; is 15* domino)

We construct P as follows:

1. Add *t,
2. Add *’rJ-
3. Add e

*b,* to P
bJ-* to P, forevery j=12,.k
¢ toP

Note: Any match in P must start with *t; | *b;* and
end with *¢ | ¢ toP (why?)



Reducing MPCP to PCP (3)

As an example, if P' is the dominoes in the
MPCP for our previous Ay, problem, then,
the first domino in P will be:

* 1
*#*#*qo* 0*1*0*1*

And the ‘partial match becomes:

*# *# *qo *O *1 *O *1

*#*#*qo* 0*1*0*1* #* I*Ch* 1* O* 1*




Reducing MPCP to PCP (3)

And eventually, if there is a match in P’ in
our previous example, we have at the end:

*qacc*#*# *’
H* ¢

In general, for all instances of MPCP,
P has a match
& P" has a match starting with d,



Formal Definition of Reduction

We have seen a lot of examples proved by
reduction technique. Now, we give one
formal definition of reduction

=> This allows us to understand more
about the power of reduction, and
allows us to prove more results

The formal definition is based on
computable functions (see next slides)



Computable Function

A TM can compute a function as follows:
initially, the tape contains the input;
once it halts, the tape contains the output

A function f: =* > X* is a computable
function if some TM exists such that for
any input w, it halts with f(w) on its tape

E.g., all usual arithmetic operations on integers are
computable functions



Defining Reduction

Definition: Language A is mapping reducible
to language B, written as A <, B, if there

is a computable function f: £* > X* such
that for every w,

wecA < f(w)eB
Then, f is called the reduction of A to B



Some results

Theorem: If A <, B and B is decidable,
then A is decidable. (why?)

Corollary: If A <, B and A is undecidable,
then B is undecidable.



Some results (2)

Theorem: If A < B and B is recognizable,
then A is recognizable (why?)

Corollary: If A <, B and A is non-
recognizable, then B is non-recognizable



Examples (HALT,,)

A long time ago, we showed how to reduce
Aty To HALT,,. To show this by mapping
reduction, we want to find a computable
function f such that:

If x = (M, w),

f(x) will be equal to (M', w'y such that
X € Am < f(x) e HALT

Else, f(x) = € (or, pick any string not in HALT,)



Examples (HALT,,)

Then, f can be computed by the TM F below:
F ="On input (M, w),

1. Construct the machine M":
M’ = "On input x
1. Run M on x

2. If M accepts, accept; Else, enter loop”
2. Output (M, w)

Thus, f is a computable function, so that
Amm <m HAL Ty



Examples (PCP)

In PCP problem, we showed how to reduce
Arn To MPCP. To show this by mapping
reduction, we want to find a computable
function f such that:

If x = (M, w),
f(x) will be equal to (P) such that
X € A < f(x) € MPCP
Else, f(x) = ¢ (or any (P) not in MPCP)

As we can find a TM that computes f (how?)
> Arn <., MPCP



Examples (PCP)

Also, we showed how to reduce MPCP to PCP

To show this by mapping reduction, we want
to find a computable function g that:

If x = (P),
g(x) will be equal to (P’) such that
X € MPCP < g(x) € PCP
Else, g(x) = ¢

We can construct a TM that computes g, so
that PCP <, PCP



Examples (PCP)

Combining the two examples, we can argue
that the functionh =g . f is also a

computable function (why?), and has the
property that:

X € Aty < h(x) € PCP (why?)
Thus, A+ <,, PCP, and we conclude that
PCP is undecidable



Examples (E-)

When we show E+,, is undecidable, our proof
is by reducing Ay To Eqy
Let us recall how we do so:

On given any input (M, w), we construct a
TM M’ such that

if M acceptsw, then L(M’) = {w}
if M not acceptw, thenl(M')={}

This in fact gives us a computable function
f reducing Ay to "complement of E,"



Examples (E-)

I.e., we have a computable function f that:
X € Apy < f(x) &€ Emy,

or equivalently,
XA < f(x)eEwm
where E';,, denotes the complement of Eqy,

Thus, Ay <., E'tm =@ E'1y is undecidable 2

E- is undecidable (why?)

Question: Can we find a "direct” mapping
reduction of A, to E1, instead?



Examples (E-)
.. the answer is NO (Prob. 5.5), because:

Suppose on the contrary that Ay <., Etm.
Then, we have A1 <,, E'ti (why?).

However, E'1y is recognizable (why?)

but A'r\ 1S not recognizable

Thus, contradiction occurs (where?), so that
no reduction of A, to Eq, exists



Examples (EQqy)

We have seen one example of a hon-Turing
recognizable language: A'ry

Define: A language is co-recognizable if its
complement is recognizable.

Then, we have:
Theorem: EQqy, is not recognizable, and not
co-recognizable. That is,
EQqy is not recognizable, and
EQ';y is not recognizable.



Examples (EQqy)

Proof: We first show that A, <., EQ'tu.

If this can be shown, we equivalently has
shown that A’y <., EQyn (why?) and proved

that EQqy is not recognizable.

To show Ay <, EQ't, we construct the TM

F giving the desired reduction f as follows
(see next slide):



Examples (EQqy)

F ="On input (M, w),

1. Construct machines M; and M:
M, = "On any input,
1. Reject”
M, = "On any input,
1. Run M onw. If it accepts, accept”

2. Output (M;, M,)"

So, on input x = (M, w), F computes (M;, M,)
as f(x). What is the property of f(x)?



Examples (EQqy)
Next, we show that Ay <., EQmp.

If this can be shown, we equivalently has
shown that A’y <,, EQ'+y and proved that

EQ';y is not recognizable.

To show Ay <., EQn, we construct the TM

G giving the desired reduction g as follows
(see next slide):



Examples (EQqy)

G = "On input (M, w),
1. Construct machines M; and M:

M, = "On any input,
1. Accept”
M, = "On any input,
1. Run M onw. If it accepts, accept”

2. Output (M1, M2)”

So, on input x = (M, w), G computes (M;, M)
as g(x). What is the property of g(x)?



What we have learnt

* Reduction from Ay
- HALTTN\! ETN\! REGULARTN\, EQTN\I PCP

- LBA

- A p4 is decidable (finite test cases)
- E psand ALL ., are undecidable
(reduction from A, via computation history)
» Computable function, mapping reducibility

- EQyyand EQ'y4, are non-recognizable
(reduction from A'ry)



Language Hierarchy (revisited)

Set of Languages (= set of "set of strings"”)

Set of Decidable X _
Language {On1n2n}

{ww}

{w with even |w|}

{0x1v}

\

Set of Regular Wl w= wh)

Language



Next Time

+ Complexity Theory

- To classify the problems based on the
resources (time or memory usage)



