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Distribution of Objects

* A related topic Is computing # ways to
distribute objects to different positions

Different treatments should be applied
1. when objects are distinct or non-distinct
2. when positions are distinct or non-distinct

* Next we study the case with distinct positions

— non-distinct positions will be discussed later when
we study generating functions



Distinct Objects



Distinct Objects

* Suppose we haver distinct objects and n cells
» Each cell can hold only 1 object

= When n>r, #of waysto put all objectsinto
thecdl Is: P(n.1)

= When r >n, #of waysto fill up thecellsis:

P(r,n)




Distinct Objects

* Suppose we haver distinct objects and n cells
» Each cell can hold only any number of objects

=>» |If we don’t consider the order of objects
within the same cell, # of waysis:

nr




Distinct Objects

* Suppose we haver distinct objects and n cells
» Each cell can hold only any number of objects

=>» If we also consider the order of objects within
the same cell, # of waysis:

(n+r—1)!
(n—1)!

How to get this ?7?



Distinct Objects

 ldeal: Think of this as:

———————————————————————————————————————————————————————————————————————————————————————————————

_______________________________________________________________________________________________

n—1barsto
create n cells

* |deall: Insert objectsone by one. There are
n+ | — 1 positions for the | th object



Distinct Objects
EX:
Suppose we have 7 flags and 5 masts.

All flags must be displayed, but not all masts
have to be used.

How many ways can we arrange the flags on
the masts ?

(Order of flags in the same mast 1S important)



Different Kinds of Objects

* Previously, we showed that for n objects with
g, objects are of the first kind,
g, objects are of the second kind,

g, objects are of thet th kind.
=>» # of n-permutation of these objectsis:

n!
0! ! ... g




Different Kinds of Objects

This can be viewed as putting these n objects Iinto
n cells, each cell can hold only one object

To put the objects into the cells

1. Thereare C(n,q,) waysto put objects of 1st kind

2. After that, there are C(n— q,, g,) waysto put
objects of 2nd kind

3. After that, there are C(n—q,;— 0,, g;) ways to put
objects of 3rd kind

4. Andsoon...



Different Kinds of Objects

* Thus# ways to distribute objects into the cellsis:

C(n,ay) x C(N =0y, G) x C(N— Gy — 0, Ga) X ...
xCN—Qy—Gr— ... — 1, Q)

n!
g,! g,! ... q!




Different Kinds of Objects

* Suppose we have only r objects (n > r) instead
» Each cell can still hold one object

=> # waysto distribute the objectsinto the cellsis:

C(n,ay) x C(N =0y, G) x C(N— Gy — 0, Ga) X ...
xCN—Qy—Gr— ... — Gy, Q)

n!
g, ) ...q! (n—r)!




Non-Distinct Objects



Non-Distinct Objects

* We haver non-distinct objects and n cells
» Each cell can hold only 1 object

= When n>r, #of waysto put all objectsinto
the cdll Is:

C(n,r)

= When r > n, #of waysto fill up the cells= 7?7



Non-Distinct Objects

* We haver non-distinct objects and n cells
» Each cell can hold only any number of objects

=> # of waysto put objectsinto the cellsis:

(n+r—1)!
(n—21)!r!
=Cn+r—-1,r)




Non-Distinct Objects

* We haver non-distinct objects and n cells
» Each cell holds at |east one objects

(

hat Is, weassumer >n)

=> # of waysto put objectsinto the cellsis:

Cr-1,n-1)

How about the case where each
cell holds at |east g objects 7?



Non-Distinct Objects
EX:
Five distinct |etters are to be transmitted
through a communication channel.

A total of 15 blanks are to be inserted between
the letters, with at least 3 blanks between every
two letters.

How many ways can the letters and blanks be
arranged ?



Non-Distinct Objects
EX:

Thereare 2n + 1 seatsin acongress, to be
divided among three parties.

In how many ways will some party obtain a
majority of the seats ?

In how many ways will the coalition of any two
parties ensure amajority of the seats ?



Stirling’s Formula



Stirling’s Formula

* Thevauesn! or In(n!) are frequently needed
o Exact calculation of these values are tedious

* In 1730, Stirling obtained an estimate for n!,
which is now known as Stirling’s formula or
Stirling’s approximation :

!~ 2o ()




Stirling’s Formula

» Although the absolute error is unbounded as n
Increases, that Is:

lim {n! - @m(Q)”} o

n—oo

* The percentage error, however, iIsnot ;

im { n!/vzqt—n(g)”} 1

n—oo




Stirling’s Formula

EX:
Value Exact Stirling Error % Error
1! 1 0.9221 0.08 38
2! 2 1.919 0.081 4
ol 120 118.019 1.981 1.7
100! | 9.33x 10%7 | 9.32x 107 | 7.8 x 104 | 0.08




Stirling’s Formula

* Toderive Stirling’s formula, we will find a
close estimate of In (n!) using basic calculus

* Let usconsider thecurve y=1Inx

Y 4




Stirling’s Formula

 The areaunder the curve, fromx=1tox=n,

ISequal 1o : -
f In X dX

1




Stirling’s Formula

* The area can be approximated by n trapeziums,
so that

fn Inxdx > In(n!)—-0.5Inn

1

_— ]

1 2 3 4 n-1 n X




Stirling’s Formula

* On the other hand, the area under the curve,
fromx=15tox=n,isequa to:

fn In X dx

1.5




Stirling’s Formula

« Similarly, the |latter area can be approximated by

* n-1 trapeziums (bounded by x = k- 0.5,
X =k + 0.5, and tangent line at (k, Ink) )

» alast rectangle of Ssize0.5Inn
yA




Stirling’s Formula

hus we have

fn Inxdx < In(n!)—-0.5Inn

1.5




Stirling’s Formula

» Combining the two inequalities, we have

n n
f Inxdx<|n(n!)—0.5lnn<f In X dx
1

1.5

* Thisimplies

In(n!)=(n+ 0.5) Inn—n+ 3,

where 1.5(1-In15) =0893<5,<1



Stirling’s Formula

» By taking exponents on both sides,

n! = nn+03) gn ghn

e (2)

wheare P83 < en< e

* Infact, asnincreases, erwill decrease
monotonically, and approach the limit V2r



