Advanced Discrete Structure
Homework 4 Solution

Simon Chang



Show that for any ¥, there Is a graph with
vertices such that the graph is k-regular.



1. Let the vertices represent different k-bit
binary strings.

2. Connects the vertices with only one
different bit.

— Every vertex has exactly < neighbors.



For k = 2:






F, =22 +1



Show that for all
E,=FyXF, X---XF,_{+2.



Prove it by induction:

Base step:
Fi=Fy+2=(22 +1)+2=5=2% +1

Induction step:

Suppose that IS true.
Fk+1 =FOxF1X“'XFk_1XFk+2
:(Fk—Z)XFk‘l‘Z

— (22" _ 1) (22" + 1) 12 =224

Donel!



Using the result of (a), argue that Fermat
numbers are



Assume
=Fy X F{ XX, X XF,_1+2
or
=Fy X Fy XX, +2

Use Euclidean algorithm:
gcd(Ep, Fy) = ged(Fyp, 2) = ged (22" + 1,2)
= gcd(1,2) =



Show that If we pick from
Fermat number, they must be all

Ans: If they are not distinct, there will be
Fermat numbers that are



Using the result of (c), conclude that there
are infinitely many primes.

Ans: We can pick one prime from
Fermat number, and there are



Let / denote an equilateral triangle with the

length of each side equal to . Show
that by placing 5 points inside /A, we can
always find whose distance Is at

MOosSt



We can divide the triangle into 4 parts:

1 1




Put & points In the triangle, there will be two
In the same area.




Show that among arbitrarily chosen
Integers, either there are whose

IS divisible by or there are
whose IS divisible by



The integers are classified into these groups:
k(2n)+ 0,k(2n) + 1,k(2n) + 2,...,k(2n) + n

The or of the integers belong to
the same group Is divisible by

There are groups and Integers.
— There are two Integers in the same group.

Done!



Consider a game played on an

where there Is an space
and each sqguare In it Is occupied by a piece.
Each move can jump a piece or

over another piece on to an empty
square, where the jumped-over piece Is then
removed. The target is to remove the pieces
so that there Is . Prove that it Is
possible when n Is



Prove by induction:

Base case:

or




Induction step:
Assume It can be solved when
or



Hint:




n=3(k+1)+1
.
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n=3k+1)+2




Consider the game in the previous question.

Prove that it Is impossible to win the game
when 1 Is a



Consider playing the game on such board.
By observation, we know that the number of
tokens on the IS always




Let’'s look at a example




Another example:




