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What 1s Number Theory ?

* Number theory Isthe study of integers
* Once thought to be purely for interest

* Full of questions that can be easily described,
but incredibly difficult to answer

* These “difficulties” lead to useful applications
(e.g., cryptography)

* Thislecture shall introduce some basic results
IN number theory



Some Famous Problems

e Fermat Last Theorem

Are there any positive integers X, y, z such that
X"+ y" = 7" for someinteger n> 2 ?

(1994: Proved by Andrew Wiles)

» Goldbach Conjecture

IS it true that every even integer > 4 can be
expressed as the sum of two primes?

(1995 : Ramare showed at most 6 primes)



Some Famous Problems

* Twin Prime Conjecture
Arethere infinitely many primes p such that
p+ 2isasoaprime?

(1966 : Chen showed that there are infinitely
many primesp suchthatp+ 2isa
product of at most two primes)



Some Famous Problems

* Primality Testing
Any efficient way to check If nisaprime?
(2002 : Agarwal, Kayal, and Saxena gave a
O((log n)*)-time algorithm)
 Factoring

Given the product of two large primes n = pq,
any efficient way to recover primesp and g ?
(Best known algo: O(eLoinmt3ininn23y time)



Divisibility



Divisibility
Throughout this lecture, we will assume that all

variables range over integers

We say that a divides b if there is an integer k
suchthat ak=Db

Thisis denoted by : alb

For Instance, we write
/ | 63 because 7-9=63



Divisibility
* By previous definition, every integer divides O
because a-0=0
 [f adivideshb, thenbisamultiple of a

* Any number p with no positive divisors other
than 1 and itself iscalled aprime ;

Every other number > 1 is called composite
(Note: 1isnether prime nor composite)
* E.g, 2,3,5,7,11, 13, ... are primes.
4,6, 8,9, 10, 12, ... are composite



Divisibility

Lemmal: The following statements hold.

1. Ifa|b,thena|bcforallc

2. Ifalbandb]|c, thenalc

3. Ifalbanda]lc,thena]|sb+ tcfor al sandt
A

. Foralc=0,a|bif andonly if ac | bc

Proof of (2): Sincea|b, b= aj for somej. Since
b|c,c=bkforsomek Thusc=ajksothata|c




Division Theorem

Theorem 1:

Let nand d be integers such that d > 0. Then
there exists a unique pair of integersgand r
suchthatn=qgd+r and 0<r <d.

Proof:
Existence: By induction onn
Unigueness. By contradiction



Greatest Common Divisor



Greatest Common Divisor

* The greatest common divisor of a and b isthe
largest number that isadivisor of bothaand b

* Itisdenoted by : | gcd(a, b)

* [or Instance,
gcd(12, 40) =4, ged(5, 18) =1, ged(7,0) =7



Greatest Common Divisor

heorem 2:

The greatest common divisor of a and b isthe
smallest positive linear combination of a and b

* For example, gcd(52,44) =4
And we can see that
6-52+(-7)-44=4,
Furthermore, no other linear combination of 52
and 44 gives asmaller positive integer



Greatest Common Divisor

Proof :

Let m= smallest l[inear combination of aand b
We shall show that

m > gcd(a, b) and m < ged(a, b)

Firstly, we show m > gcd(a, b). By definition
of common divisor, we have:

gcd(a, b) | a and ged(a, b) | b
= dcd(a, b) | msothat m > gcd(a, b) [why?]



Greatest Common Divisor

Proof (cont) :
Next, we show m < gcd(a, b).

We do this by showing m|a. Then asymmetric
argument showsm| b so that misacommon
divisor of a and b.

Consequently, m must be smaller than or equal
to the “greatest” common divisor

All that remainsisto show m|a



Greatest Common Divisor

Proof (cont) :

By the Division Theorem, there existsq and r
suchthat a=gm +r and 0<r<m

Recall that m=sa +tb for somesandt, so that
a=og9g(sa +th)+r

> 4 r=(1-g9a+(-qg)b

Thusr =0 (otherwise mis not the smallest

positive linear combination of aand b))

Conseguently, thisimplies m| a



Properties of GCD

_emma 2. The following statements hold.

1.

2.
3.

Every common divisor of a and b divides
gcd(a, b)

gcd(ka, kb) = k - gecd(a, b)

If gcd(a, b) =1 and gcd(a, ¢) = 1,

then gcd(a, bc) =1

If a|bcandgcd(a, b)=1,thenalc
gcd(a, b) = gcd(b, a rem b)




Properties of GCD

Proof of (3) : Theorem 2 impliesthat there exist s,
t,u,vsuchthat sa+tb=1 and ua+vc=1

Thus (sa+tbh)(ua+vc) =1
> 4 a(asu+btu+csv) +bc(tv) =1
> 4 gcd(a, bc) =1
Proof of (4) :
Sincea|bc,and a|ac = a|gcd(ac, bc).
Next, by Statement 2 of the lemma,
gcd(ac, bc) =c-ged(a, b) = ajlc




Properties of GCD

Proof of (5) :

Any linear combination of b and “aremb”
must be alinear combination of aand b

= dcd(a, b) < ged(b, aremb)

However, any linear combination of a and b
must be alinear combination of b and “arem b”

= dcd(a, b) > ged(b, aremb)
Thus ged(a, b) = gecd(b, arem b)



