Assignment 4

Speaker: Wisdaly



Question 1

 Let Shea?2x 2square

 If weremoveal x 1 squarefrom S we call the
resulting figure an L-shaped tile:




Question 1

» Consider afigure formed by removing any
1 x 1 squareinside a2" x 2" sguare.

 Show that the figure can be covered by non-
overlapping L-shaped tiles



Example for Question 1

8 x 8 square with al x 1 sguare removed




Example for Question 1
Covering with L-shaped tiles




Hint of Question 1

* By induction



Question 2

* Consider a2mx 2n grids, with
— Each grid point is either colored red or blue
— For any row or column,
# red points = # blue points




Question 2

* When two adjacent points have the same color,
we join them by aline of that color

« Show that no matter how the points are colored,
#redlines = #bluelines




Hint of Question 2

* By induction



Question 3

» Glve asequence of nintegersa,, a,, a,,...,a,

« Show that there exists a contiguous
subseguence whose sum is divisible by n.



Hint of Question 3

* Pigeonhole principle



Question 4

* Suppose n + 1 integers are chosen from 1 to 2n

* Show that there exist two of the chosen
numbers which are relatively prime.



Hint of Question 4

* Pigeonhole principle



Question 5

* There are 100 people at a party.

» Each has even number (possible 0) of friends

* Provethat we can always find three people with
the same number of friends

14



Hint of Question 5

» Before solving Question 5, let us solve the
following ssmpler question first

— Glven 100 people in a party, each person
may have any number of friends

— Show that at least 2 people will have the
same number of friends



Proof :
There are two cases.
Case 1. Nobody has O friends
=>» #friendsfor each person isfrom 1 to 99

=>» By pigeonhole principle, at least two persons
have same # friends

Case 2: Someone has O friends
=> # friends for each person isfrom O to 98 (why?)



Hint of Question 5

* Pigeonhole principle



Question 6

e LetP=(v, V,,..., V,) beapathwith nvertices

 Show that we can assign each vertex v; adistinct
integer f(1) chosen from 1 to n, such that

| () — (i + 1) |
for 1=1,2,...,n—1areal distinct



Example of Question 6




Hint of Question 6

* Proveit by construction

— Find asimple strategy to assign the values to
the vertices that works for each n

* Prove by induction (alternative)



