
Assignment 3

Speaker: Wisely



Question 1

• Solve the following recurrence relations.

(a)

(b) 

(c) 

3    ,1   ,2   ,65 1021 ==≥+= −− aanaaa nnn

8   ,2   ,0   ,05112 1012 −==≥=+− ++ aanaaa nnn

12   ,5   ,2   ,096 1021 ==≥=+− −− aanaaa nnn



Solution :
(a) an  = (3/7)(–1)n + (4/7)6n,    n≧0

(b) an  = 4(1/2)n – 2(5)n,    n≧0

(c) an  = (5 – n)3n,    n ≧0



Question 2

Solve the following recurrence relations.

(a)

(b)

(c)    

1     ,0    ,32 01 =≥+=−+ annaa nn

3    ,0    ,2 0
2

1 =≥−=−+ annnaa nn

1  ,0   ,22 01 =≥=−+ anaa n
nn



Solution :
(a) a(p) = n2+2n+1 ,  a(h) = 1n

an = (n+1)2,          n≧0

(b) a(p) = (2/3)n3 – (3/2)n2 + (5/6)n + 3,   a(h) = 1n

an= (2/3)n3 – (3/2)n2 + (5/6)n + 3,      n≧0

(c) a(p) = n2(n−1),        a(h) = 2n

an = 2n + n2(n−1),   n≧0 



Question 3
• Solve the following recurrence relations by the 

method of generating functions

(a)

(b)
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nnn
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Solution :
(a) Let A(x) be the generating function

From the recurrence, we set
an+2 xn+2  – 2an+1 xn+2  + an xn+2 =  2n xn+2

Summing the equations for all n, we get :

(A(x)–2x–1) – 2x(A(x)–1) + x2A(x) = x2 / (1–2x) 

Simplifying the above, we get :
A(x) = 1 / (1–2x)    an=2n,   n≧0



Solution :
(b)  Let A(x) and B(x) be the generating functions

From the recurrences, we have :

A(x)       =  2x A(x) – x B(x) +  2x /(1 – x)
B(x) – 1 =  – x A(x) + 2x B(x) – x /(1 – x)

Solving the above, we get :
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Solution (cont) :
(b) Also, we get :

Thus, we have :
an = (–3/4) + (1/2)(n+1) + (1/4)3n, n≧0

bn = (3/4) + (1/2)(n+1) – (1/4)3n,      n≧0
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Question 4

• Let an denote the number of n-bit binary strings 
in which the pattern 111 occurs exactly twice, 
with the second occurrence at the nth bit.  

Find the generating function for (a0,a1,…).



Solution : 
Let bn denote the number of n-bit binary strings in 
which the pattern 111 occurs for the first time at 
position n

Among all the n-bit binary sequences, there are 2n-3

sequences that have 111 as the last three bits

Thus we have : 
2n-3 = bn + bn-1 + bn-2 + bn-3 2 + bn-4 21 + …+ b3 2n-6



Solution (cont) :
Let   b0 = b1 = b2 = 0 
Let   C(x) = c0 + c1x + c2x2 +…+ cnxn + …

=  1 + x + x2 + 20x3 + …+ 2n-3xn +…
=  1 + x + x2 + [x3 / (1–2x)]

C(x) – 1 – x – x2 = B(x)C(x)
B(x) = x3/(1 – x – x2 – x3 )
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Solution (cont) :

an = b3bn-3+ b4bn-4 +…+ bn-4b4 + bn-3b3

A(x) = B(x)B(x)
= [ x3/(1 – x – x2 – x3) ]2

∑ ∑
∞

=

∞

=
−− ++++=

6 6
011110 )...(

n n

n
nnnn

n
n xbbbbbbbbxa



Question 5

a) Let bn denote # of n-bit binary strings in 
which 11011 first occurs at the nth bit. 
Find the generating function for (b0, b1,… ).

b)  Let cn denote # of n-bit binary strings in 
which 11011 occurs at the nth bit 
Find the generating function for (c0,c1,…).



Solution :
(a)

Among all the n-bit binary sequences, there are 2n-5

sequences that have 11011 as the last 5 bits

2n-5 = bn + bn-3 + bn-4 + bn-520 + bn-621 +…+ b52n-10



Solution (cont) :
Let   b0 = b1 = b2 = b3 = b4 =0 
Let  A(x)  =  a0 + a1x + a2x2 + … + anxn +…

=  1 + x3 + x4 + 20x5 +… + 2n-5xn+…
=  1 + x3 + x4 + [x5/(1–2x)]

A(x) – 1– x3 – x4  = B(x)A(x)
B(x) = x5/(1 – 2x + x3 – x4 – x5)
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Solution (cont) :
(b)  

Among all the n-bit binary sequences, there are 2n-5

sequences that have 11011 as the last 5 bits

Thus, we have :     2n-5 = cn + cn-3 + cn-4.

Set c0=1, c1 = c2 = c3 = c4 =0.
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Solution :



Question 6
• Let dn be the number of ways to completely 

cover a 2 × n rectangle with 2 × 1 dominoes.

• Express dn in terms of n



Solution :

dn = dn-1+ dn-2,     for n≧2.
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