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Abstract

This paper investigates the discontinuous reception (DRX) mechanism of Universal Mobile Telecom-

munications System (UMTS). DRX is exercised between the network and a mobile station (MS)

to save the power of the MS. The DRX mechanism is controlled by two parameters: the inactivity

timer threshold and the DRX cycle. Analytic and simulation models are proposed to study the

effects of these two parameters on output measures including the expected queue length, the ex-

pected packet waiting time, and the power saving factor. Our study quantitatively shows how to

select appropriate inactivity timer and DRX cycle values for various traffic patterns.

Keywords: Discontinuous reception (DRX), Power saving, Universal Mobile Telecommuni-

cations System (UMTS)

1 Introduction

Universal Mobile Telecommunications System (UMTS) [10] supports mobile multimedia applica-

tions with high data transmission rates. Figure 1 illustrates a simplified UMTS architecture, which

consists of the Core Network and the UMTS Terrestrial Radio Access Network (UTRAN). The core

network is responsible for switching/routing calls and data connections to the external networks,

while the UTRAN handles all radio-related functionalities. The UTRAN consists of Radio Net-

work Controllers (RNCs) and Node Bs (i.e., base stations) that are connected by an Asynchronous
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Figure 1: A simplified UMTS network architecture

Transfer Mode (ATM) network. A Mobile Station (MS) communicates with Node Bs through the

radio interface based on the WCDMA (Wideband CDMA) technology [10].

In UMTS, MS power consumption is a serious problem for wireless data transmission. The

data bandwidth is significantly limited by the battery capacity [15]. Therefore, power saving

mechanisms are typically exercised to reduce power consumption. Most existing wireless mo-

bile networks (including UMTS) employ Discontinuous Reception (DRX) to conserve the power

of MSs. DRX allows an idle MS to power off the radio receiver for a predefined period (called the

DRX cycle) instead of continuously listening to the radio channel. In MOBITEX [17], the network

periodically transmits a specific �SVP6� frame to announce the list of the MSs that have pending

packets. All MSs are required to synchronize with every �SVP6� frame and wake up immediately

before the transmission starts. When some MSs experience high traffic loads, the network may

decide to shorten the announcement interval to reduce the frame delay. As a consequence, the low

traffic MSs will consume extra unnecessary power budget. In CDPD [5, 16] and IEEE 802.11 [11]

standards, similar DRX mechanisms are utilized except that an MS is not forced to wake up at

every announcement instant. Instead, the MS may choose to omit some announcements to further

reduce its power consumption. A wake-up MS has to send a receiver ready (RR) frame to inform

the network that it is ready to receive the pending frames. However, such RR transmissions may

collide with each other if the MSs tend to wake up at the same time. Thus, RR retransmissions

are likely to occur and extra power is unnecessarily consumed. UMTS DRX [2, 4] enhances the

above mechanisms by allowing an MS to negotiate its own DRX cycle length with the network.

Therefore, the network is aware of sleep/wake-up scheduling of each MS, and only delivers the

paging message when the MS wakes up.
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The CDPD DRX mechanism has been investigated through simulation models [16]. In [13], an

analytic model was proposed to investigate CDPD DRX mechanism. This model does not provide

close-form solution. Furthermore, the model was not validated against simulation experiments.

This paper investigates the performance of the UMTS DRX with a variant of the ����� vacation

model. We derive the close-form equations for the output measures and validate the results against

simulation. Based on the proposed model, the DRX performance is investigated by numerical

examples.

2 UMTS DRX Mechanism

The UMTS DRX mechanism is realized through the Radio Resource Control (RRC) finite state

machine exercised between the RNC and the MS [1]. There are two modes in this finite state

machine (see Figure 2). In the RRC Idle mode, the MS is tracked by the core network without

involving the UTRAN. When an RRC connection is established between the MS and its serving

RNC, the MS enters the RRC Connected mode. This mode consists of four states. If the MS

obtains a dedicated traffic channel for the RRC connection, it enters the Cell DCH state. On the

other hand, if the MS is allocated a common or shared traffic channel (i.e., the channel is shared

by several MSs), it enters the Cell FACH state. The data communication activities can only be

performed in these two states. In the Cell PCH state, no uplink access is possible, and the MS

selects a Paging Channel (PCH) to monitor paging messages from the RNC. In the above three

RRC states, the MS performs location update whenever it moves to a new cell (i.e., the radio

coverage of a Node B). If the MS receives packets infrequently, the UTRAN may eliminate the

cell update overhead by instructing the MS to move to the URA PCH state. In this state, the MS

performs location update for every UTRAN Registration Area (URA) crossing. Details of cell and

URA updates can be found in [20].

In the Cell DCH and Cell FACH states, the MS receiver is always turned on to receive pack-

ets. These states correspond to the power active mode. In the RRC Idle mode, Cell PCH and

URA PCH states, the DRX is exercised to reduce the MS power consumption. These states/mode

correspond to the power saving mode. The MS receiver activities are illustrated in Figure 3, and

are described in terms of three periods:
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The busy period. During packet transmission (i.e., the “server” is “busy”; see Figure 3(a)), the

UMTS core network sends the packets to an MS through the RNC and Node B. The incoming

packets are first stored in the RNC buffer before they are delivered to the MS. Since the

MS is in the power active mode, the RNC processor immediately transmits packets in the

First In First Out (FIFO) order. Due to high error-rate and low bit-rate nature of radio

transmission, the Stop-And-Wait Hybrid Automatic Repeat reQuest (SAW-Hybrid ARQ) flow

control algorithm [3] is exercised between the Node B and the MS to guarantee successful

radio packet delivery. The SAW-Hybrid ARQ algorithm works as follows. When the Node

B sends a packet to the MS, it waits for a positive acknowledgment (ack) from the MS before

it can transmit the next packet. The Node B may receive negative acknowledgments (naks)

from the MS, which indicate that some errors have occurred (e.g., the transmitted packet is

damaged). In this case, the Node B re-transmits the packet until an ack is received.

The inactivity period. If the RNC buffer becomes empty, the RNC inactivity timer is activated

(see Figure 3(b)). If any packet arrives at the RNC before the inactivity timer expires, the

timer is stopped. The RNC processor starts to transmit packets, and another busy period

begins. Note that the MS is in the power active mode in both the busy and inactivity periods,

where the MS receiver is turned off.

The sleep period. If no packet arrives before the inactivity timer expires (see Figure 3(c)), the MS

enters the power saving mode (see Figure 3(d)) and the MS receiver is turned off. The MS

sleep period contains at least one DRX cycles. At the end of a DRX cycle, the MS wakes

up to listen to the PCH. If some packets have arrived at the RNC during the last DRX cycle

(i.e., the paging indicator for this MS is set), the MS starts to receive packets and the sleep

period terminates. Otherwise, the MS returns to sleep until the end of the next DRX cycle.

In the power saving mode, the RNC processor will not transmit any packets to the MS.

Based on the above description, we propose an analytic model for the UMTS DRX mechanism.

As illustrated in Figure 1, the UMTS core network sends the packets to an MS through the RNC

and Node B. We assume that packet arrivals to the RNC form a Poisson stream with rate ��. The

RNC processor sends the packets to the Node B through an ATM link. The Node B then forwards

the packets to the MS by the WCDMA radio link. Compared with WCDMA radio transmission,
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ATM is much faster and more reliable. Therefore the ATM transmission delay is ignored in our

analytic model, and the RNC and the Node B are treated as a FIFO server. Let �� denote the time

interval between when a packet is transmitted by the RNC processor and when the corresponding

ack is received by the RNC processor. Let �� be the threshold of the RNC inactivity timer, and

�� be the MS sleep period. The UMTS DRX is modeled as a variant of the ����� queue with

multiple vacations [19], where �� represents the service time (the period between when a packet

is sent from the UTRAN to the MS and when the UTRAN receives the ack from the MS), and

�� corresponds to the server vacations. Our model is different from the existing ����� vacation

model due to the introduction of the inactivity timer threshold �� . In our model, the server can

not enter vacation mode immediately after the queue is empty. The following output measures are

derived:

� mean queue length: the expected number of packets buffered in the UTRAN, including the

one in delivery and those waiting in the RNC buffer

� mean packet waiting time: the expected waiting time of a packet in the RNC buffer before it

is transmitted to the MS

� power saving factor: the probability that the MS receiver is turned off when exercising the

UMTS DRX mechanism; this factor indicates the percentage of power saving in the DRX

(compared with the case where DRX is not exercised)

3 Queue Length and Packet Waiting Time

This section derives the generating function for the queue length distribution and the Laplace

Transform for the packet waiting time. Denote �� as the queue length of the RNC buffer im-

mediately after the �th packet completes service and departs (i.e., at the time when the �th ack is

received by the RNC processor). �� � � implies that the RNC buffer is empty after the �th packet

has been received by the MS. In this case, the RNC inactivity timer is activated. Suppose that ��

packets arrive at the RNC before the inactivity timer expires. If �� � �, the MS enters the power

saving mode. Let 	� be the number of packets that arrive during the sleep period. The probability

mass functions for �� and 	� are denoted as 
� � ����� � �� (where � � �� �� ��   ) and
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�� � ���	� � �� (where � � �� �� 	�   ), respectively. Let ���� be the number of packets that

arrive during the service time of the �
 �st packet. The relationship between ����, ��, ����, ��

and 	� can be described in the following three cases.

Case I: �� � �. When the � 
 �st packet departs, the queue length of the RNC buffer is �� � �

plus the number of packets that arrive during the service time of the � 
 �st packet (i.e.,

����). Thus, ���� � �� 
 ���� � �.

Case II: �� � � and �� � �. The � 
 �st packet arrives before the RNC inactivity timer expires

(i.e., �� � �), and finds an empty RNC buffer (i.e., �� � �). When the � 
 �st packet

departs, the RNC queue length is the number of packets that arrive during the service time

of the � 
 �st packet. That is, ���� � ����.

Case III: �� � � and �� � �. The � 
 �st packet arrives after the RNC inactivity timer has ex-

pired (i.e., �� � �). During the MS sleep period, 	� packets arrive. When the �
�st packet

departs, the RNC queue length is 	� � � plus the number of packets that arrive during the

service time of the �
 �st packet. That is, ���� � 	� 
 ���� � �.

Based on Cases I-III, ���� is expressed as

���� �

���
��

�� 
 ���� � �� for �� � � (1)
����� for �� � �� �� � � (2)
	� 
 ���� � �� for �� � �� �� � � (3)

The above equations indicate that ���� is independent of �� for � � �, and the sequence of the

random variables ����� � �� ��   � constitutes a Markov chain [18]. Let � be the queue length

in the steady state. The steady state distribution for this Markov chain is defined as

�� � ���� � �� � ��
���

����� � ��� for � � �� �� ��   

which can be solved by using
�
�

��� �� � � and the balance equations

�� �
��
	��

�	 ������� � ���� � �� (4)

where ������� � ���� � �� is the state transition probability. Denote �� � ����� � �� for � � �

and � � �. Based on (1)-(3), ������� � ���� � �� is derived in Cases IV-VI described below.
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Case IV: � � �� � � � � �. Equation (1) is satisfied and can be rewritten as

���� � ���� � �� 
 � � � � � 
 �

(with probability ���	��). Therefore, ������� � ���� � �� � ���	��.

Case V: � � �� � 	 � � � � �. Since ���� is no less than �� � �, ������� � ���� � �� � �.

Case VI: � � �� � � �. If �� � � (with probability �� 
�), (2) is satisfied and is rewritten as

���� � ���� � �

(with probability ��). On the other hand, if �� � � (with probability 
�), (3) is satisfied and

is rewritten as

	� 
 ���� � ���� 
 � � � 
 �

Conditioning on 	� � � (with probability ��), ���� � � � � 
 � (with probability ������).

Therefore,

������� � ���� � �� � ��� 
���� 
 
�

�
����
���

��������

�

Based on Cases IV-VI, ������� � ���� � �� is expressed as

������� � ���� � �� �

������
�����

���	��� for � � �� � � � � �
�� for � � �� � 	 � � � � �

��� 
���� 
 
�

�
����
���

��������

�
� for � � �� � � �

(5)

Substituting (5) into (4), �� is expressed as

�� � ��

	
��� 
���� 
 
�

�
����
���

��������

�




����
	��

�	���	��� � � � (6)

Let ���� �
�
�

��� ���
� be the generating function for the �� distribution. From (6), we have

���� �
��
���

����

	
��� 
���� 
 
�

�
����
���

��������

�




��
���

��
����
	��

�	���	��

�
��
���

��� 
�����
��� 


��
���

����
�
����
���

�������� 

��
���

��
����
	��

�	���	��

� ��� 
����
��
���

���
� 


��
���

��
�����

����
��������� 

��
	��

��
��	��

���	���	��
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� ��� 
����
��
���

���
� 
 
���

��
���

���
���

��
�����

�������
�����



��
	��

�	�
	��

��
��	��

���	���
��	��

� ��� 
����
��
���

���
� 
 
���

��
���

���
���

��
����

�����
�




	
����� ��

�



��

����

�����
�

(7)

Let ���� �
�
�

��� ���
� be the probability generating function for �� (the probability that � packets

arrive during a packet service time ��). These packet arrivals form a Poisson process with rate

��, which is independent of ��. Suppose that the �� distribution has the Laplace Transform � �����,

mean ���� and variance ��. From Theorem 4.2 in [7], we have

���� � � ����� � ���� (8)

Let 	��� �
�
�

��� ���
� be the generating function for the �� distribution. From (8), (7) is rewritten

as

���� �

�
��� 
���� 
 
���

	
	���

�






	
����� ��

�


�
����

�

�
��� 
���� 
 
���

	
	���

�






	
����� ��

�


�
� ����� � ���� (9)

By rearranging the terms in (9), we obtain

���� �
����� ���� 
��� 
�	����� ����� � ����

� ����� � ����� �
(10)

Let 	 � �����	�. Since ���� � �, we derive �� from (10) as

�� �
�� �

�� 
� 
 
���	�
(11)

where � � �����. Substituting (11) into (10), we have

���� �
��� ���� 
��� 
�	������� ��� ����� � ����

��� 
� 
 
���	���� ����� � ����� ��
(12)

The Laplace Transform � �
��� for the packet waiting time �
 is derived as follows. Following

the FIFO scheduling policy, the RNC queue length seen by a departing packet is precisely the

number of packets that arrived during the response time �� of the packet, where

�� � �
 
 �� (13)
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Let � �� ��� be the Laplace Transform of ��. Similar to the derivation of ���� (Theorem 4.2 in [7]),

���� � � �� ��� � ���� (14)

Since the service time for a packet does not depend on the time it spends in the RNC buffer, �
 and

�� are independent. From (13) and the convolution property of the Laplace Transform, we have

� �� ��� � ���� � � �
��� � �����
�

���� � ���� (15)

From (12), (14) and (15), we have

� �
��� �
���� �����

� �����

�

�
��
����	��� ������ 
 ���� 
��

�� 
� 
 
���	�

�	
��� ��

��� ������ �� 
 �



(16)

Assume that the length of each DRX cycle �� in a sleep period is independent and identically

distributed with mean ����, variance �� and Laplace Transform � �����. From Appendix A,

	��� �
� ����� � ����� � ������

�� � ������
(17)

and

��	� �
��

��� � ���������
(18)

Assume that the inactivity timer threshold �� has the density function �����, mean ���� , variance

�� and Laplace Transform � �� ���. From the Poisson distribution


� �

�

��

	
���������

�

��



������� � � �� ���� (19)

Substituting (17), (18) and (19) into (12) and (16), we obtain

���� �

�
����� ���� � �� ��������� � �������� ��� �� ������

�

���� � ����� � �������

����� � �� �������� � ������� 
 ��� �� ����

�




	
��� ��� ����� � ����

� ����� � ����� �



(20)

and

� �
��� �

�
�����

�

� ������� � ������ 
 ������ � �� �������� � �������

����� � �� �������� � ������� 
 ��� �� ����

�




	
��� ��

��� ������ �� 
 �



(21)
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From (20) and (21), the expected number of packets ���� and the mean packet waiting time

���
� are expressed as

���� �
�����

��

�����
���

�
����

�

� ������ 
 ������

�������� � �� �������� � ������� 
 ����� �� �����



����� 
 ���
�
��

���� �����

 � (22)

and

���
� � �
�� �
���

��

�����
���

�
���

�

� ������ 
 ������

�������� � �� �������� � ������� 
 ����� �� �����



���� 
 ���
�
��

���� �����
(23)

For fixed �� � ���� and fixed �� � ����, we have � �� ���� � ������� , � ������ � ������� and

�� � �. Therefore, (20), (21), (22) and (23) are rewritten as

���� �

�
����� ���� ������� ����� ��������� ��������� ������������ � ������� �

����� ������� ���� �������� 
 ���������

�




	
��� ��� ����� � ����

� ����� � ����� �




� �
��� �

�
�����

������ ��� ������� 
 ������ ������� ���� ��������

����� ������� ���� �������� 
 ���������

�




	
��� ��

��� ������ �� 
 �




���� �
����

������

�������� ������� ���� �������� 
 ����������� �



����� 
 ���
�
��

���� �����

 �

and

���
� �
���

������

�������� ������� ���� �������� 
 ����������� �



���� 
 ���
�
��

���� �����
(24)

4 Power Saving Factor

This section derives the power saving factor ��. We re-draw Figure 3’s timing diagram in Figure 4.

In this figure, the MS receiver activities are characterized by a regenerative process [18], where a
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regeneration cycle consists of an inactivity period ��� , a sleep period ��� and a busy period ��� . We

note that at the end of every DRX cycle, the MS must wake up for a short period  so that it can

listen to the paging information from the network. Therefore the “power saving” period in a DRX

cycle is �� �  . Suppose that there are ! DRX cycles in a sleep period. From Theorem 3.7.1

in [18],

�� � ��
��

���the MS receiver is turned off at time ��

�
����� �� ��! � 

����� � 
 ������ 
 ����� �
(25)

����� �, ������, ��! � and ������ are derived as follows. In Figure 4, �� is the time interval be-

tween when the RNC inactivity timer is activated and when the next packet arrives. Thus, ��� �

������ ���. If the next packet arrives before the inactivity timer expires (i.e., �� � ��), then ��� � ��,

and the next busy period follows (see the " � �st cycle in Figure 4). Otherwise (the next packet

arrives after the inactivity timer has expired; i.e., �� � ��) ��� � �� , and the next sleep period follows

as illustrated in the "th cycle in Figure 4. From the memoryless property of Poisson process [18],

�� is exponentially distributed with rate ��. Therefore,

����� � � �������� ����

�

�

���
��������� ��� � #��#

�

�

���
����� � #� ����� � #��#

�

�

���
�����

�
�

��
�������

�
�#

12



�
�
�

��

�
��� � �� ����� (26)

������ is derived as follows. If �� � �� , then ��� � �� and 	 packets arrive during the �� period. Let

� ����� be the Laplace Transform of �� . From Theorem 4.2 in [7],

	��� � � ����� � ����� � ����� � 	��� ����� (27)

From (17) and (27), we have

� ����� �
� ������ � ������

�� � ������
(28)

From (28), the mean sleep period ����� ��� � �� � is

����� ��� � �� � � ����� � �
�� �����

��

�����
���

�
�

��� � ���������
(29)

Note that �� � �� with probability �� 
�. From (29), we have

������ � ��� 
��
 � 
 
� 
 ����� ��� � �� �

�

�

��� � ���������
(30)

Substitute (19) into (30) to yield

������ �
� �� ����

��� � ���������
(31)

The expected value ��! � is derived as follows. Since a ��� period consists of ! DRX cycles ��,

from the Wald’s theorem [18], we have

������ � ��! ������ � ��! ���� (32)

Substitute (31) into (32) to yield

��! � �
� �� ����

�� � ������
(33)

We derive ������ as follows. If �� � �� (with probability �� 
�), ��� � � and ��� is exactly the same

as the busy period �� of an ����� queue. From [7]

����� ��� � �� � � ����� �
�

����� ��
where � � ����� (34)

If �� � �� (with probability 
�), ��� � �, and 	 packets arrive during the ��� period. In this case, ���

is the sum of 	 �� periods. From the Wald’s theorem, we have

����� ��� � �� � � ��	����� � (35)

13



Substitute (34) and (18) into (35) to yield

����� ��� � �� � �
�

��� ����� � ���������
(36)

From (34) and (36), we have

������ � ��� 
������� ��� � �� � 
 
������ ��� � �� �

� ��� 
��

	
�

����� ��




 
�

�
�

��� ����� � ���������

�
(37)

Substitute (19) into (37) to yield

������ �
� ������ � �� �������� � ������� 
 ���

�

� �����

������� � ���������� ��
(38)

From (26), (31), (33) and (38), (25) is rewritten as

�� �
���

�

� ������� ����� �� �

����� � �� �������� � ������� 
 ��� �� ����
(39)

For fixed �� with length ���� and fixed �� with length ����, we have � �� ���� � ������� and

� ������ � ������� . Therefore (26), (31), (33), (38) and (39) are rewritten as

����� � �
�
�

��

��
�� �������

�

������ �
�������

��� ����������

��! � �
�������

�� �������

������ �
������� ������� ���� �������� 
 ���

������ �

������� ����������� ��

and

�� �
���

������ ��� ����� �� �

����� ������� ���� �������� 
 ���������

5 Numerical Examples

Our analytic model has been validated against a discrete event simulation model. This simulation

model is similar to the one we developed in [14], and the details are omitted. For demonstration

14



Table 1: Comparison of the analytic and simulation results (�� � ������, �� � �������, �� �
������ and  � �������.)

��(unit: ��) ���� ���� ���� ���� ���� ����
����(Analytical) 0.02443 0.02763 0.03050 0.03312 0.03555 0.03783
����(Simulation) 0.02421 0.02747 0.03026 0.03313 0.03531 0.03759

Error 0.9005% 0.5791% 0.7869% 0.0302% 0.6751% 0.6344%

��(unit: ��) ���� ���� ���� ���� ���� ����
���
�������(Analytical) 1.44298 1.30233 1.17876 1.07024 0.97502 0.89158
���
�������(Simulation) 1.44223 1.30221 1.17911 1.07249 0.97474 0.89200

Error 0.0520% 0.0092% 0.0297% 0.2102% 0.0287% 0.0471%

��(unit: ��) ���� ���� ���� ���� ���� ����
��(Analytical) 0.53843 0.47852 0.42542 0.37833 0.33652 0.29939
��(Simulation) 0.53864 0.47843 0.42554 0.37872 0.33654 0.29928

Error 0.0390% 0.0188% 0.0282% 0.1031% 0.0059% 0.0367%

purpose, we assume �� to have a Gamma distribution with mean ����, variance ��, and the Laplace

Transform

� ����� �

�
��$

�
 ��$

��

where $ �
�

�����

The Gamma distribution is often used in mobile telecommunications network modeling [6, 8, 9].

It has been shown that the distribution of any positive random variable can be approximated by a

mixture of Gamma distributions (see Lemma 3.9 in [12]). One may also measure the �� periods

in a real UMTS network, and the measured data can be approximated by a Gamma distribution as

the input to our models. Table 1 compares the analytic and simulation results. We consider fixed

�� and ��. In this table, �� � ������, �� � �������, �� � ������ and  � �������. The table

indicates that the errors between the analytic and simulation models are less than ���� in most

cases. Based on the analytic model, we investigate the DRX performance.

Figures 5-8 plot the ����� ���
� and �� curves. In these figures, �� has the Gamma distribution

with variance ��, and �� and �� are fixed. The parameter settings are described in the captions of

the figures.

Effects of ��. Figure 5(a) indicates that the mean queue length ���� increases as �� increases.

For �� � ����, ���� is insignificantly affected by the change of ��. When �� approaches
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Figure 5: Effects of �� and �� (�� � �
���

, �� � ������,  � �������)

��, the resulting queueing system becomes unstable, and ���� grows without bound. Fig-

ure 5(b) plots the mean packet waiting time ���
� normalized by the mean packet service

time �����. The “�” curve shows intuitive result that for an ����� queue, ���
� is an in-

creasing function of ��. For DRX, ���
� curves decrease and then increase as �� increases.

This phenomenon is explained as follows. For �� � ����, ���
� is affected by the power

saving mode operation. Specifically, when �� approaches �, the MS is always in the power

saving mode. From (24), every arrival packet is expected to wait for

��
����

���
� �
��
�

(40)

In Figure 5(b), �� � ������. From (40), ������ ���
� � �������, which is the value we

observe in the figure. As �� increases, it is more likely that the MS is in the power active

mode when packets arrive. In this case, more packets are processed without experiencing

the sleep periods, and ���
� decreases as �� increases. On the other hand, if �� approaches

��, the packet traffic load exceeds the transmission capability, and ���
� increases as �� in-

creases. Figure 5(c) shows the intuitive result that the power saving factor �� is a decreasing

function of ��.

Effects of �� . Figure 5 indicates that by increasing the inactivity timer threshold �� , ����, ���
�

16



�

��

��

��

��

��

��� ��� ��� ���

�� ��	
�� �����

��� ���

� � � � �������
� � � � �������
Æ � � � �������
� � � � �������
������� �� � ����
���
�� �� � ������

�������� �������� �������� �������� �������� �������� ��������
��������

�������
�
����
����

���
���
��

���
��
���

��
��
��
��

��
��
��
��

��
�
��
�
��

��
��
��
��

�
��
�
��
�
�

�
��
�
�
�
�
�

�
�
�
�
��
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

� � � � � �
�
�

�

�

�

�������� �������� �������� �������� �������� �������� ��������
��������

�������
�
����
����

���
���
��

���
��
���

��
��
��
��

��
��
��
��

��
�
��
�
��

��
��
��
��

�
��
�
��
�
�

�
��
�
�
�
�
�

�
�
�
�
��
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

� � � � � �
�

�

�

�

�

�������� �������� �������� �������� �������� �������� ��������
��������

�������
�
����
����

���
���
��

���
��
���

��
��
��
��

��
��
��
��

��
�
��
�
��

��
��
��
��

�
��
�
��
�
�

�
��
�
�
�
�
�

�
�
�
�
��
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

Æ Æ Æ Æ Æ Æ
Æ

Æ

Æ

Æ

Æ

�������� �������� �������� �������� �������� �������� ��������
��������

�������
�
����
����

���
���
��

���
��
���

��
��
��
��

��
��
��
��

��
�
��
�
��

��
��
��
��

�
��
�
��
�
�

�
��
�
�
�
�
�

�
�
�
�
��
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

� � � � � �
�

�

�

�

�

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��������������������

�����������
�������
������
�����
����
���
����
��
���
���
��
��
��
���
��
��
�
��
���
��
�
��
�
��
�
���
�
�
��
�
�
�
��
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

� � � � � � � � �
�

�

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��������������������

�����������
�������
������
�����
����
���
����
��
���
���
��
��
��
���
��
��
�
��
���
��
�
��
�
��
�
���
�
�
��
�
�
�
��
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

� � � � � � � � �
�

�

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��������������������

�����������
�������
������
�����
����
���
����
��
���
���
��
��
��
���
��
��
�
��
���
��
�
��
�
��
�
���
�
�
��
�
�
�
��
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

Æ Æ Æ Æ Æ Æ Æ Æ Æ
Æ

Æ

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��������������������

�����������
�������
������
�����
����
���
����
��
���
���
��
��
��
���
��
��
�
��
���
��
�
��
�
��
�
���
�
�
��
�
�
�
��
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

� � � � � � � � �
�

�

�

��

��

��

��

���

��� ��� ��� ���

�� ��	
�� �����

��� ���� ��	
�� �����

�������� ��������
��������

��������
�����
���
����
����

���
���
��

��
��
��
��

��
��
��
��

��
��
��
�
�

�
��
��
�
�
�

�
�
��
�
�
��

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�

� � � �
�

�

�

�

�

�������� ��������
��������

��������
�����
���
����
����

���
���
��

��
��
��
��

��
��
��
��

��
��
��
�
�

�
��
��
�
�
�

�
�
��
�
�
��

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�

� � �
�
�

�

�

�

�

�������� ��������
��������

��������
�����
���
����
����

���
���
��

��
��
��
��

��
��
��
��

��
��
��
�
�

�
��
��
�
�
�

�
�
��
�
�
��

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�

Æ Æ Æ
Æ
Æ

Æ

Æ

Æ

Æ

�������� ��������
��������

��������
�����
���
����
����

���
���
��

��
��
��
��

��
��
��
��

��
��
��
�
�

�
��
��
�
�
�

�
�
��
�
�
��

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�

� � �
�
�

�

�

�

�

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������
������������������

�����������
������
�����
������
���
����
��
���
��
���
��
��
��
���
��
��
��
���
��
�
��
�
��
���
�
�
�
��
�
�
�
��
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

� � � � � � � �
�

�

�

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������
������������������

�����������
������
�����
������
���
����
��
���
��
���
��
��
��
���
��
��
��
���
��
�
��
�
��
���
�
�
�
��
�
�
�
��
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

� � � � � � � �

�

�

�

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������
������������������

�����������
������
�����
������
���
����
��
���
��
���
��
��
��
���
��
��
��
���
��
�
��
�
��
���
�
�
�
��
�
�
�
��
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

Æ Æ Æ Æ Æ Æ Æ Æ

Æ

Æ

Æ

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������
������������������

�����������
������
�����
������
���
����
��
���
��
���
��
��
��
���
��
��
��
���
��
�
��
�
��
���
�
�
�
��
�
�
�
��
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

� � � � � � � �

�

�

�

���

���

���

���

���

���

��� ��� ��� ���

�� ��	
�� �����

��� ��

�
��
��
�
��

��
��
�
��
�

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
���
���

����
����

�����
���

��������
�������� �������� �������� �������� �������� �������� �������� �������� �������� �������� �������� ���

�

�
�
� � � � � � � �

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
��
�
�

�
�
�
��
�
�
�

��
��
��
��

��
��
��
�
�

��
��
��
��

��
��
���
�

���
���
��
�����
���
��������

�������� �������� �������� �������� �������� �������� �������� �������� �������� �������� ��������

�

�

�

� � � � � � � �

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
��
�
��
�
�

�
��
�
��
��

��
�
��
��
�

��
��
��
��

����
���
�
������
��
��������

�������� �������� �������� �������� �������� �������� �������� �������� �������� �������� ��������

Æ

Æ

Æ

Æ
Æ Æ Æ Æ Æ Æ Æ

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

��
�
�
�
�
�
�

�
��
�
�
��
�

�
��
��
��
�

�
��
��
��
�

��
��
��
��

����
���
�
������
��
��������

�������� �������� �������� �������� �������� �������� �������� �������� �������� �������� ������

�

�

�

�
� � � � � � �

������������������������������������������������������������
����������������

���������
������
����
�����
���
���
���
��
���
��
��
��
���
��
��
��
��
���
��
��
��
��
��
��
�
�
�
��
�
�
��
��
�
�
�
�
�
�
��
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
��
�
��
�
�
�
�
��
�
�
�
��
��
��
��
�
��
��
���
��
��
��
���
��
��
��
���
��
���
����
���
���
�����
�����
������
��������
���������

� � � �
�

�

�

�

�
� �

���������������������������������������������������
����������������������

����������
�������
����
�����
���
����
���
��
���
��
��
��
���
��
��
��
��
���
��
��
��
��
��
��
�
�
��
�
�
�
��
��
�
�
�
�
�
��
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
��
�
��
�
�
�
��
�
�
�
�
��
��
��
��
�
��
��
���
��
��
��
���
��
��
��
���
��
���
����
���
���
�����
�����
������
��������
���������

� � � �
�

�

�

�

�
� �

��������������������������������������
������������������������������

�������������
������
������
�����
���
����
��
���
��
���
��
��
��
���
��
��
��
���
�
��
��
��
��
���
�
�
�
��
�
�
��
�
��
�
�
�
�
��
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
��
�
�
��
�
�
�
��
�
�
�
�
��
��
��
��
�
��
��
���
��
��
��
���
��
��
��
���
��
���
����
���
���
�����
�����
������
��������
���������

Æ Æ Æ Æ
Æ

Æ

Æ

Æ

Æ
Æ Æ

�����������������������
����������������������������������������

��������������
��������
������
����
�����
���
���
���
��
���
��
��
��
���
��
��
�
��
���
�
��
��
��
��
���
�
�
�
��
�
�
��
�
��
�
�
�
��
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
��
�
�
��
�
�
�
��
�
�
�
�
��
��
��
��
�
��
��
���
��
��
��
���
��
��
��
���
��
���
����
���
���
�����
�����
������
��������
���������

� � � �
�

�

�

�

�
� �

Figure 6: Effects of �� and  (�� � �
���

, �� � ����)

and �� decrease. When �� � , the MS never enters the power saving mode, and the

system is the same as an ����� queue. When �� is small (e.g., �� � ������), the inac-

tivity timer always expires before the next packet arrives. Therefore the output measures are

insignificantly affected by the change of �� .

Effects of ��. Figure 6 indicates that ����, ���
� and �� are increasing functions of ��. We

observe that when �� is small (e.g., �� � ������� for the dashed curves in Figures 6(a) and

(b)), decreasing �� will not improve the ���� and ���
� performance. On the other hand,

when �� is large (e.g., �� � �������� for the dashed curves in Figure 6(c)), increasing ��

will not improve the �� performance. Therefore, for �� � ����� (i.e., the dashed curves), ��

should be selected in the range
�
�������� ��������

�
.

Effects of  . It is clear that ���� and ���
� are not affected by  . Figure 6(c) illustrates the impact

of  on ��. When �� is large,  (the cost of wakeup) is a small portion of a DRX cycle,

which only has insignificant impact on ��. When �� is large and �� is small, the MS receiver

is almost always turned on and �� � �. In this case, the  impact is also insignificant. When

both �� and �� are small, �� is significantly increased as  decreases.

Effects of ��. Figure 7 illustrates that ���� and ���
� are increasing functions of the variance ��
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Figure 7: Effects of �� ( � �������)

of the packet transmission delay ��. This effect is well known in queueing systems. On the

other hand, �� is not affected by ��. Therefore, the effect of �� can be ignored when tuning

the DRX parameters for power saving.

Effects of mixed traffic. In general, the packet traffic to an MS is not homogeneous. In a typical

scenario, an MS may experience with, for example, two or three multimedia messages in

three or four hours, and then intensive Internet accesses for 20 minutes. In Figure 8, we

consider a mixed traffic during an observation period where �� � ���	�� for 80% of the

period and �� � ���� for 20% of the period. With appropriate selection of the �� and

�� values, the figure indicates that for mixed traffic, the UMTS with DRX can achieve the

same ���� and ���
� performance as that of UMTS without DRX; i.e., the ����� queue

(see the curves for �� � ������� and �� is in the range
�
������ �������

�
in Figures 8(a) and

(b)). On the other hand, DRX can effectively save the power; e.g., more than 70% in our

example (see Figure 8(c)). Therefore, for mixed traffic, DRX may significantly save MS

power consumption without degrading the ���� and ���
� performance.
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Figure 8: Effects of mixed traffic (�� � �
���

,  � �������)

6 Conclusions

This paper investigated the UMTS discontinuous reception (DRX) mechanism for MS power sav-

ing. The DRX mechanism is controlled by two parameters: the inactivity timer threshold �� and the

DRX cycle ��. We proposed a variant ����� queueing model with vacations to study the effects

of �� and �� on output measures including the expected queue length, the expected packet wait-

ing time, and the power saving factor. Our analytic model is different from the existing �����

vacation model due to the introduction of �� (and therefore the server can not enter the vacation

mode immediately after the queue is empty). The analytic approach was validated against the sim-

ulation experiments. Several numerical examples were presented to quantitatively show how to

select appropriate �� and �� values for various traffic patterns. Our study indicated that with proper

parameter settings, UMTS DRX can effectively reduce the MS power consumption.
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A Derivations of ���� and ����

Assume that the length of each DRX cycle �� in a sleep period is independent and identically

distributed with mean ����, variance �� and Laplace Transform � �����. Define � as the number

of packets that arrive during a DRX cycle, which has the probability mass function %� � ���� � ��

(� � �� �� �� � � �) and the probability generating function ����. Because �� is independent of the

arrival process, similar to the derivation of ���� (Theorem 4.2 in [7]), we have

���� � � ����� � ���� (41)

The sleep period terminates if and only if one or more packets arrive during a �� period. Therefore,

the probability �� that � packets arrive during a sleep period is

�� � %� 
 %�%� 
 %��%� 
 %��%� 
 � � � where � � �� �� � � � (42)

In the right hand side of (42), the first term %� means that the � packets arrive during the first DRX

cycle. The "th term %���� %� means that no packet arrives at the first "� � DRX cycles and � packets

arrive during the "th DRX cycle. Equation (42) is rearranged to yield

�� �
%�

�� %�
(43)

From (43),

	��� �
��
���

���
� �

�
�

�� %�

�
��
���

%��
� �

����� %�
�� %�

(44)

where

%� � ���� � � ������ (45)

Substitute (41) and (45) into (44) to yield

	��� �
� ����� � ����� � ������

�� � ������
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The expected value ��	� is

��	� �
�	���

��

�����
���

�
��

��� � ���������
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