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Adapted from class notes of D. Patterson
C opy ri g h t 19 9 8,  2000 U C B

Arithmetic-1 Computer Architecture
CTKing/TTHuang

Outline
� Signed and unsigned numbers (Sec. 3.2)
� Addit io n and subt ract io n (Sec. 3.3)
� C o nst ruct ing an arit h met ic l o gic unit  (Ap p endix  B.5 ,  
B.6 )

� M ul t ip l icat io n (Sec. 3.4,  C D : 3.23 I n M o re D ep t h )
� D iv isio n (Sec. 3.5 )
� F l o at ing p o int  (Sec. 3.6 )
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� R eq uirement s: must  sup p o rt  t h e f o l l o w ing arit h met ic 
and l o gic o p erat io ns
� add, sub:  t w o ’s c o m p l e m e n t  adde r / subt r ac t o r w i t h  

o v e r f l o w  de t e c t i o n
� an d, o r , n o r  :  l o g i c al  A N D , l o g i c al  O R , l o g i c al  N O R
� sl t (se t  o n  l e ss t h an ):  t w o ’s c o m p l e m e n t  adde r  w i t h  

i n v e r t e r , c h e c k  si g n  bi t  o f  r e sul t

P r o b lem :  D es ig ning  M I P S  A L U
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AL U  C ontrol ( AL U op) F u ncti on
0000 an d
0001 o r
0010 add
0110 subt r ac t
0111 se t -o n -l e ss-t h an
1100 n o r

A
LU

32

32

32

A

B

Result

Overflow

Zero

4
ALUop

CarryOut

F unc tio na l S p ec if ic a tio n

F ig. B.5 .13

F ig. B.5 .14
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ALU31

a31 b31
m

cinc31
s31

A B

ALUop

Result

32 32

32

4

Overflow

ALU0

a0 b0

m

cinco
s0

Zero

� D esign t rick  1: div ide and co nq uer
� Br e ak  t h e  p r o bl e m  i n t o  si m p l e r  p r o bl e m s, so l v e  t h e m  

an d g l ue  t o g e t h e r  t h e  so l ut i o n
� D esign t rick  2: so l v e p art  o f  t h e p ro bl em and ex t end

A  B it-s lic e A L U
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A

B

1-bit
Full

Adder

CarryOut

M
ux

CarryIn

Result

add

and

or

Operation

A  1 -b it A L U
� D esign t rick  3: t ak e p ieces y o u k no w  (o r can 
imagine) and t ry  t o  p ut  t h em t o get h er

0

1

2
F ig. B.5 .6
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1-bit  AL U 4-bit  AL U

A

B

1-bit
Full

Adder

CarryOut

M
ux

CarryIn

Result

A0

B0
1-bit
ALU

Result0

CarryIn0

CarryOut0
A1

B1
1-bit
ALU

Result1

CarryIn1

CarryOut1
A2

B2
1-bit
ALU

Result2

CarryIn2

CarryOut2
A3

B3
1-bit
ALU

Result3

CarryIn3

CarryOut3

A  4 -b it A L U

Operation
Operation
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A
LU

A

B’

Result

CarryIn

CarryOut

B 0

1

M
ux

Sel

Subtract

H o w  a b o ut S ub tr a c tio n?
� 2’s co mp l ement : t ak e inv erse o f  ev ery  bit  and add 1 
(at  c i n o f  f irst  st age)
� A  +  B’ +  1 =  A  +  (B’ +  1) =  A  +  (-B) =  A  - B
� Bi t -w i se  i n v e r se  o f  B i s B’

F ig. B.5 .8

Operation
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A B

ALUop

Result

32 32

32

4

Overflow

ALU0
a0 b0

cinco
s0

ALU31
a31 b31

cinc31
s31

S u pply  a 1 
on 
su btracti on

?

Zero

R ev is ed  D ia g r a m
� L SB and M SB need t o  do  a l it t l e ex t ra
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N o r  Op er a tio n

0

O perati on

1

0
1

b 2

F ig. B.5 .9

AL U op
� A no r B =  (no t  A) and (no t  B) 

R esu lt

C arry O u t

Ai nv ert C arry I n

0
1

a

B i nv ert
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Ov er f lo w
Deci mal B i nary Deci mal 2’s complement

0 0000 0 0000
1 0001 -1 1111
2 0010 -2 1110
3 0011 -3 1101
4 0100 -4 1100
5 0101 -5 1011
6 0110 -6 1010
7 0111 -7 1001

-8 1000
E x :  7   +   3  =   10   but  ...        - 4  - 5   =   - 9     but   …

0     1     1     1                             1     0     0   0
0     1     1     1     7                      1 1     0     0    -4

+          0     0     1     1     3            +         1   0     1     1    -5
1     0     1     0    -6 0     1     1 1 7
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Ov er f lo w  D etec tio n
� O v erf l o w : resul t  t o o  big/ smal l  t o  rep resent
� -8  ≤ 4-bi t  bi n ar y  n um be r  ≤ 7
� W h e n  addi n g  o p e r an ds w i t h  di f f e r e n t  si g n s, o v e r f l o w  

c an n o t  o c c ur !
� O v e r f l o w  o c c ur s w h e n  addi n g :
� 2 posi ti v e nu mbers and th e su m i s neg ati v e
� 2 neg ati v e nu mbers and th e su m i s posi ti v e
= >  si g n bi t i s set w i th  th e v alu e of th e resu lt

� O v e r f l o w  i f :  C ar r y  i n t o  MS B ≠ C ar r y  o ut  o f  MS B
0     1 1     1                             1     0 0     0

0     1     1     1     7                      1 1     0     0    -4
+          0     0     1     1     3            +         1   0     1     1    -5

1     0     1     0   -6 0     1     1     1 7
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A0

B0
1-bit
ALU

Result0

CarryIn0

CarryOut0

A1

B1
1-bit
ALU

Result1

CarryIn1

CarryOut1

A2

B2
1-bit
ALU

Result2

CarryIn2

A3

B3
1-bit
ALU

Result3

CarryIn3

CarryOut3

Overflow

X Y X   XOR   Y

0 0 0
0 1 1
1 0 1
1 1 0

Ov er f lo w  D etec tio n L o g ic
� O v erf l o w  =  C arry I n[ N -1]  X O R  C arry O ut [ N -1]
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CarryIn0

A0

B0
1-bit
ALU

Result0

CarryOut0
A1

B1
1-bit
ALU

Result1
CarryIn1

CarryOut1
A2

B2
1-bit
ALU

Result2
CarryIn2

CarryOut2
A3

B3
1-bit
ALU

Result3
CarryIn3

CarryOut3

Zero

Z er o  D etec tio n L o g ic
� Z ero  D et ect io n L o gic is a o ne BI G  N O R  gat e
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S et o n L es s  T h a n (I )

0

3

O perati on

1

0
1

b 2

F ig. B.5 .10a

AL U op
� 1-bit  in AL U

L ess

R esu lt

C arry O u t

Ai nv ert C arry I n

0
1

a

B i nv ert
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O v erflow
detecti on

0

3

O perati on

a

1

0
1

b 2
F ig. B.5 .10b

� Sign bit  in AL U

S et o n L es s  th a n (I I )

L ess

R esu lt

Ai nv ert C arry I n

S et
O v erflow

B i nv ert

0
1



A L U o p      F un c t i o n
0000      an d
0001      o r
0010      add
0110      subt r ac t
0111      se t -l e ss-t h an
1100      n o r

F ig. B.5 .12

A  R ip p le C a r r y  A d d er
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A0

B0
1-bit
ALU

Result0

CarryOut0
A1

B1
1-bit
ALU

Result1

CarryIn1

CarryOut1
A2

B2
1-bit
ALU

Result2

CarryIn2

A3

B3
1-bit
ALU

Result3

CarryIn3

CarryOut3

CarryOut2

CarryIn0
CarryIn

CarryOut

A

B

Design Trick: look for 
p a ra llelism  a nd  t h row  
h a rd w a re a t  it

P r o b lem s  w ith  R ip p le C a r r y  A d d er
� C arry  bit  may  h av e t o  p ro p agat e f ro m L SB t o  M SB = >  
w o rst  case del ay : N -st age del ay
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� C arry O ut = (B*C arry I n)+ (A*C arry I n)+ (A*B)
� C i n 2= C o ut 1=  (B1 *  C i n 1)+ (A 1 *  C i n 1)+  (A 1 *  B1)
� C i n 1= C o ut 0=  (B0 *  C i n 0)+ (A 0 *  C i n 0)+  (A 0 *  B0)

� Subst it ut ing C in1 int o  C in2:
� C i n 2= (A 1* A 0* B0)+ (A 1* A 0* C i n 0)+ (A 1* B0* C i n 0)

+ (B1* A 0* B0)+ (B1* A 0* C i n 0)+ (B1* B0* C i n 0)
+ (A 1* B1)

A0B 0

1-b i t
AL UCout0

A1B 1

1-b i t
AL U

Cin1

Cout1

C i n 2

Cin0

C a r r y  L o o k a h ea d :  T h eo r y  (I )(A p p end ix  B . 6 )
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C a r r y  L o o k a h ea d :  T h eo r y  (I I )
� N o w  def ine t w o  new  t erms:
� G e n e r at e C ar r y  at  Bi t  i : g i =   A i   *   Bi
� P r o p ag at e C ar r y  v i a Bi t  i : p i   =   A i   +   Bi

� W e can rew rit e:
� C i n 1= g 0+ (p 0* C i n 0)
� C i n 2= g 1+ (p 1* g 0)+ (p 1* p 0* C i n 0)
� C i n 3= g 2+ (p 2* g 1)+ (p 2* p 1* g 0)+ (p 2* p 1* p 0* C i n 0)

� C arry  go ing int o  bit  3 is 1 if
� W e  g e n e r at e  a c ar r y  at  bi t  2 (g 2)
� O r  w e  g e n e r at e  a c ar r y  at  bi t  1 (g 1) an d

bi t  2 al l o w s i t  t o  p r o p ag at e  (p 2 *  g 1)
� O r  w e  g e n e r at e  a c ar r y  at  bi t  0 (g 0) an d

bi t  1 as w e l l  as bi t  2 al l o w s i t  t o  p r o p ag at e  …. .
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A  P lum b ing  A na lo g y  f o r  C a r r y  L o o k a h ea d (1 ,  2 ,  4  b its )

F ig. B.6 .1
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8-bit Carry
Lookahead

Adder

C0

8

88

Result[7:0]

B[7:0]A[7:0]

8-bit Carry
Lookahead

Adder

C8

8

88

Result[15:8]

B[15:8]A[15:8]

8-bit Carry
Lookahead

Adder

C16

8

88

Result[23:16]

B[23:16]A[23:16]

8-bit Carry
Lookahead

Adder

C24

8

88

Result[31:24]

B[31:24]A[31:24]

C a s c a d ed  C a r r y  L o o k a h ea d
� E x p ensiv e t o  buil d a “f ul l ” carry  l o o k ah ead adder
� J ust  i m ag i n e  l e n g t h  o f  t h e  e q uat i o n  f o r  C i n 31

� C o mmo n p ract ices:
� C o n n e c t s se v e r al  N -bi t  l o o k ah e ad adde r s t o  f o r m  a bi g  

o n e
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A  P lum b ing  A na lo g y  f o r  C a r r y  L o o k a h ea d (N ex t L ev el P 0  a nd  G 0 )

F ig. B.6 .2

A B C o ut
0 0 0 k il l
0 1 C in p ro p agat e
1 0 C in p ro p agat e
1 1 1 generat e

G  =  A * B
P  =  A +  B

C a rryIn

R e sult0--3

ALU 0

C a rry In

R e sult4--7

ALU 1

C a rry In

R e sult8--11

ALU 2

C a rry In

C arryO ut

R e sult12 --1 5

ALU 3

C a rry In

C 1

C 2

C 3

C 4

P 0
G 0

P 1
G 1

P 2
G 2

P 3
G 3

p i
g i

p i +  1
g i +  1

c i +  1

c i +  2

c i +  3

c i +  4

pi + 2
gi + 2

p i +  3
g i +  3

a0  
b0  
a1  
b1  
a2  
b2  
a3  
b3

a4  
b4  
a5  
b5  
a6  
b6  
a7  
b7

a8  
b8  
a9  
b9  

a10  
b10  
a11  
b11

a12  
b12  
a13  
b13  
a14  
b14  
a15  
b15

C arry-lookahea d un it

A  C a r r y  L o o k a h ea dA d d er

F ig. B.6 .3
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n-bit adder n-bit adderC P (2n) =  2*C P (n)

n-bit adder n-bit addern-bit adder 1 0

Cout

C P (2n) =  C P (n) +  C P (mux )

Design trick: guess

C a r r y -s elec t A d d er
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Outline
� Signed and unsigned numbers (Sec. 3.2)
� Addit io n and subt ract io n (Sec. 3.3)
� C o nst ruct ing an arit h met ic l o gic unit  (Ap p endix  B.5 ,  
B6 )

� M ul t ip l icat io n (Sec. 3.4 , C D : 3.23 I n M o re D ep t h )
� D iv isio n (Sec. 3.5 )
� F l o at ing p o int  (Sec. 3.6 )
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00011111111111111111111111111111   11000000000000000000000000000000

Hi                                  Lo

01000000000000000000000000000000X $t2

01111111111111111111111111111111$t1

00011111111111111111111111111111$t3

11000000000000000000000000000000$t4mflo $t4

mfhi $t3

M ultip lic a tio n in M I P S
mul $t1, $t2       # t1 * t2
� N o  dest inat io n regist er: p ro duct  co ul d be ~ 26 4 ;  need 
t w o  sp ecial  regist ers t o  h o l d it

� 3-st ep  p ro cess:
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D iv is io n in M I P S
div $t1, $t2     # t1 / t2
� Q uo t ient  st o red in L o ,  remainder in H i
mflo $t3     #copy quotient to t3
mfhi $t4     #copy remainder to t4

� 3-st ep  p ro cess

� U nsigned mul t ip l icat io n and div isio n:
mulu $t1, $t2     # t1 * t2
divu $t1, $t2     # t1 / t2
� J ust  l i k e  m ul , di v , e x c e p t  n o w  i n t e r p r e t  t 1, t 2 as 

un si g n e d i n t e g e r s i n st e ad o f  si g n e d
� A n sw e r s ar e  al so  un si g n e d, use  m f h i , m f l o t o  ac c e ss
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M I P S  M ultip ly / D iv id e S um m a r y

Registers

HI LO

� St art  mul t ip l y ,  div ide
�MU L T  r s, r t H I -L O  =  r s × r t / /  64-bi t  si g n e d
�MU L T U  r s, r t H I -L O  =  r s × st / /  64-bi t  un si g n e d
� D I V  r s, r t L O  =  r s ÷ r t ;  H I  =  r s m o d r t
� D I V U  r s, r t

� M o v e resul t  f ro m mul t ip l y ,  div ide
�MF H I  r d r d =  H I
�MF L O  r d r d =  L O

� M o v e t o  H I  o r L O
�MT H I   r d H I  =  r d
�MT L O  r d L O  =  r d
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� P ap er and p encil  ex amp l e (unsigned):
Mul t i p l i c an d                 1000tenMul t i p l i e r X     1001ten1000

0000
0000

1000 
P r o duc t 01001000ten

� m bit s x  n bit s =  m+ n bit  p ro duct
� Binary  mak es it  easy :
� 0 = >  p l ac e  0 ( 0 x  m ul t i p l i c an d)
� 1 = >  p l ac e  a c o p y   ( 1 x  m ul t i p l i c an d)

� 2 v ersio ns o f  mul t ip l y  h ardw are and al go rit h m

U ns ig ned  M ultip ly
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� 6 4-bit  m u lt ip lica nd  regist er (w it h  32-bit  mul t ip l icand 
at  righ t  h al f ),  6 4-bit  AL U ,  6 4-bit  p rod u ct  regist er ,  32-bit  
m u lt ip lier regist er

64-bit ALU

Control test

Multiplier
Shift right

Product
Write

Multiplicand
Shift left

64 bits

64 bits

32 bits

F ig. 3.5

U nis ig ned M ultip lier  (V er .  1 )

3. Shift Multiplier register right 1 bit

2. Shift Multiplicand register left 1 bit

M ultip ly  A lg o r ith m  (V er .  1 )

0010 x  0011

Produ ct M u lti pli er M u lti pli cand
0000 0000 0011 0000 0010
0000 0010 0001 0000 0100
0000 0110 0000 0000 1000
0000 0110 0000 0001 0000
0000 0110 0000 0010 0000

Done
Yes: 32 repetitions

No: < 32 repetitions

1. Test
Multiplier0

Multiplier0 = 0Multiplier0 = 1

1a. Add multiplicand to product and 
place the result in Product register

32nd 
repetition?

Start

F ig. 3.6
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Ob s er v a tio ns :  M ultip ly  V er .  1
� 1 cl o ck  p er cy cl e = >  ∼100 cl o ck s p er mul t ip l y
� R at i o  o f  m ul t i p l y  t o  add 5: 1 t o  100: 1

� H al f  o f  t h e bit s in mul t ip l icand al w ay s 0
= >  6 4-bit  adder is w ast ed

� 0’s insert ed in l ef t  o f  mul t ip l icand as sh if t ed
= >  l east  signif icant  bit s o f  p ro duct  nev er ch anged 
o nce f o rmed

� I nst ead o f  sh if t ing mul t ip l icand t o  l ef t ,  sh if t  p ro duct  t o  
righ t ?

� P ro duct  regist er w ast es sp ace = >  co mbine M ul t ip l ier 
and P ro duct  regist er
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Control 
testWrite

32 bits

64 bits

Shift rightProduct

Multiplicand

32-bit ALU

U nis ig ned M ultip lier  (V er .  2 )
� 32-bit  M ul t ip l icand regist er,  32 -bit  AL U ,  6 4-bit  P ro duct  
regist er (H I  &  L O  in M I P S),  (0-bit  M ul t ip l ier regist er)

F ig. 3.7

32nd 
repetition?

2. Shift Product register right 1 bit

1a. Add multiplicand to left half of product and 
place the result in left half of Product register

M ultip ly  A lg o r ith m  (V er .  2 )

M ul t ip l icand P ro duct
0010 0000 0011

0010 0011
0010 0001 0001

0011 0001
0010 0001 1000
0010 0000 1100
0010 0000 0110

Done
Yes: 32 repetitions

No: < 32 repetitions

1. Test
Product0

Product0 = 0Product0 = 1

Start
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Ob s er v a tio ns :  M ultip ly  V er .  2
� 2 st ep s p er bit  because mul t ip l ier and p ro duct  
regist ers co mbined

� M I P S regist ers H i and L o  are l ef t  and righ t  h al f  o f  
P ro duct  regist er
= >  t h is giv es t h e M I P S inst ruct io n M ul t U

� W h at  abo ut  signed mul t ip l icat io n?
� T h e  e asi e st  so l ut i o n  i s t o  m ak e  bo t h  p o si t i v e  an d 

r e m e m be r  w h e t h e r  t o  c o m p l e m e n t  p r o duc t  w h e n  
do n e  (l e av e  o ut  si g n  bi t , r un  f o r  31 st e p s)
� A p p l y  de f i n i t i o n  o f  2’s c o m p l e m e n t  
� si g n-ex tend parti al produ cts and su btract at end

� Bo o t h ’s A l g o r i t h m  i s an  e l e g an t  w ay  t o  m ul t i p l y  si g n e d 
n um be r s usi n g  sam e  h ar dw ar e  as be f o r e  an d sav e  
c y c l e s
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� E x amp l e: 2 x  6  =  0010 x  0110:
0010two

x 0110two
+ 0000 shift (0 in multiplier)
+ 0010 add (1 in multiplier)
+ 0010 add (1 in multiplier)
+ 0000   shift (0 in multiplier)

0001100two
� C an get  same resul t  in mo re t h an o ne w ay :

6 = -2 + 8 0110 = -00010 + 01000
� Basic idea: rep l ace a st ring o f  1s w it h  an init ial  subt ract  o n seeing a o ne and add af t er l ast  o ne

0010two
x 0110two

0000 shift (0 in multiplier)
- 0010  sub (first 1 in multiplier)

0000 shift (mid string of 1s)
+ 0010    add (prior step had last 1)

00001100two

B o o th ’s  A lg o r ith m :  M o tiv a tio n(C D :  3 . 2 3  I n M o r e D ep th )
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C urrent  Bit  t o    E x p l anat io n          E x amp l e O p
bit righ t
1 0 Begins run o f  1s    00001111000    sub
1 1        M iddl e run o f  1s   00001111000    no ne
0 1        E nd o f   run o f  1s   00001111000    add
0 0        M iddl e run o f  0s   00001111000    no ne

O riginal l y  f o r sp eed (w h en sh if t  w as f ast er t h an add)
�Why it works?

0  1   1   1   1   0 beginning of runend of run
middle of run

-1
+  10000
01111

B o o th ’s  A lg o r ith m :  R a tio na le
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B o o th ’s  A lg o r ith m
1 .  D e p e n d in g  on  the  c u rre n t a n d  p re v iou s b its,  
d o on e  of  the  f ol l owin g :
00: M iddl e o f  a st ring o f  0s,  no  arit h met ic o p .
01: E nd o f  a st ring o f  1s,  so  add mul t ip l icand t o

t h e l ef t  h al f  o f  t h e p ro duct
10: Beginning o f  a st ring o f  1s,  so  subt ract

mul t ip l icand f ro m t h e l ef t  h al f  o f  t h e p ro duct
11: M iddl e o f  a st ring o f  1s,  so  no  arit h met ic o p .

2 .  A s in  the  p re v iou s a l g orithm ,  shif t the  P rod u c t 
re g iste r rig ht ( a rithm e tic a l l y)  1  b it
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B o o th s  E x a m p le (2  x  7 )
O p erat io n M ul t ip l icand P ro duct nex t ?
0. init ial  v al ue 0010 0000 0111 0 10 ->  sub
1a.  P  =  P  - m 1110 + 1110

1110 0111 0  sh if t  P  (sign ex t )
1b. 0010 1111 0011 1  11 ->  no p ,  sh if t
2. 0010 1111 1001 1  11 ->  no p ,  sh if t
3. 0010 1111 1100 1 01 ->  add
4a. 0010  + 0010 

0001 1100 1 sh if t
4b. 0010 0000 1110 0 do ne
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B o o th s  E x a m p le (2  x  -3 )
O p erat io n M ul t ip l icand P ro duct nex t ?
0. init ial  v al ue 0010 0000 1101 0  10 ->  sub
1a.  P  =  P  - m 1110  + 1110

1110 1101 0  sh if t  P  (sign ex t )
1b. 0010 1111 0110 1  01 ->  add

+ 0010
2a. 0001 0110 1  sh if t  P
2b. 0010 0000 1011 0  10 ->  sub

+ 1110
3a. 0010 1110 1011 0  sh if t
3b. 0010     1111 0101 1  11 ->  no p
4a 1111 0101 1  sh if t
4b. 0010 1111 1010 1  do ne
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F a s ter  M ultip lier  
� A co mbinat io nal  mul t ip l ier
� C arry  sav e adder

F ig. 3.9
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Outline
� Signed and unsigned numbers (Sec. 3.2)
� Addit io n and subt ract io n (Sec. 3.3)
� C o nst ruct ing an arit h met ic l o gic unit  (Ap p endix  B.5 ,  
B6 )

� M ul t ip l icat io n (Sec. 3.4,  C D : 3.23 I n M o re D ep t h )
� D iv isio n (Sec. 3.5 )
� F l o at ing p o int  (Sec. 3.6 )
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1001ten Quotient
Divisor 1000ten 1001010ten Dividend

-1000
10
101
1010
-1000

10ten Remainder
� See h o w  big a number can be subt ract ed,  creat ing 
q uo t ient  bit  o n each  st ep
Binary => 1 * divisor or 0 * divisor

� T w o  v ersio ns o f  div ide,  successiv e ref inement
� B ot h  d iv id end  a nd  d iv isor a re 3 2 -b it  p osit iv e int egers

D iv id e:  P a p er  &  P enc il
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Remainder

Quotient

Divisor

64-bit ALU

Shift Right

Shift Left

Write
Control

32 bits

64 bits

64 bits

D iv id e H a r d w a r e (V er s io n 1 )
� 6 4-bit  Div isor regist er (init ial iz ed w it h  32-bit  div iso r in 
l ef t  h al f ),  6 4-bit  AL U ,  6 4-bit  R em a ind er regist er
(init ial iz ed w it h  6 4-bit  div idend),  32-bit  Q u ot ient  
regist er

F ig. 3.10
No: < 33 repetitions

2b. Restore original value by 
adding Divisor to Remainder, 
place sum in Remainder, shift 
Quotient to the left, setting new 
least significant bit to 0

D iv id e A lg o r ith m  (V er s io n 1 )
Test 

Remainder
Remainder < 0Remainder ≥ 0

1. Subtract Divisor register from
Remainder register, and place the
result in Remainder register

2a. Shift Quotient 
register to left, 
setting new 
rightmost bit to 1

3. Shift Divisor register right 1 bit

Done

Yes: 33 repetitions

Start: Place Dividend in Remainder

33rd
repetition?

Q u ot. Di v i sor        R em.
0000 00100000 00000111

11100111
00000111

0000 00010000 00000111
11110111
00000111

0000 00001000 00000111
11111111
00000111

0000 00000100 00000111
00000011

0001 00000011
0001 00000010 00000011

00000001
0011 00000001
0011 00000001 00000001 F ig. 3.11
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Ob s er v a tio ns :  D iv id e V er s io n 1
� H al f  o f  t h e bit s in div iso r regist er al w ay s 0
= >  1/ 2 o f  6 4-bit  adder is w ast ed
= >  1/ 2 o f  div iso r is w ast ed

� I nst ead o f  sh if t ing div iso r t o  righ t ,  
sh if t  remainder t o  l ef t ?

� 1st  st ep  canno t  p ro duce a 1 in q uo t ient  bit  
(o t h erw ise q uo t ient  is t o o  big f o r t h e regist er)
= >  sw it ch  o rder t o  sh if t  f irst  and t h en subt ract
= >  sav e 1 it erat io n

� E l iminat e Q uo t ient  regist er by  co mbining w it h  
R emainder regist er as sh if t ed l ef t
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Remainder (Quotient)

Divisor

32-bit ALU

Write
Control

32 bits

64 bits

Shift Left
Shift Right

D iv id e H a r d w a r e (V er s io n 2 )
� 32-bit  D iv iso r regist er,  32 -bit  AL U ,  6 4-bit  R emainder 
regist er,  (0-bit  Q uo t ient  regist er)

F ig. 3.13



Test 
Remainder

No: < 32 repetitions

D iv id e A lg o r ith m  (V er s io n 2 )
St ep    R emainder   D iv .
0 0000 0111 0010
1.1  0000 1110
1.2  1110 1110
1.3b 0001 1100
2.2  1111 1100
2.3b 0011 1000
3.2  0001 1000
3.3a 0011 0001
4.2  0001 0001
4.3a 0010 0011

0001 0011

3b. Restore original value by adding 
Divisor to left half of Remainder, and 
place sum in left half of Remainder. 
Also shift Remainder to left, setting 
the new least significant bit to 0

Remainder < 0Remainder ≥ 0

2. Subtract Divisor register from the 
left half of Remainder register, and place the 
result in the left half of Remainder register

3a. Shift 
Remainder to left, 
setting new 
rightmost bit to 1

1. Shift Remainder register left 1 bit

Done. Shift left half of Remainder right 1 bit
Yes: 32 repetitions

32nd
repetition?

Start: Place Dividend in Remainder
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D iv id e 
� Signed D iv ides:
� R e m e m be r  si g n s, m ak e  p o si t i v e , c o m p l e m e n t  q uo t i e n t  

an d r e m ai n de r  i f  n e c e ssar y
� A l t e r n at i v e :  l e t  D i v i de n d an d R e m ai n de r  h av e  sam e  

si g n  an d n e g at e  Q uo t i e n t  i f  D i v i so r  si g n  &  D i v i de n d si g n  
di sag r e e , e . g . , -7÷ 2 =  -3, r e m ai n de r  =  -1

� P o ssibl e f o r q uo t ient  t o  be t o o  l arge:
i f di v i de 64-bi t i nteg er by  1,  q u oti ent i s 64 bi ts
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Ob s er v a tio ns :  M ultip ly  a nd  D iv id e 
� Same h ardw are as mul t ip l y : j ust  need AL U  t o  add o r 
subt ract ,  and 6 4-bit  regist er t o  sh if t  l ef t  o r sh if t  righ t

� H i and L o  regist ers in M I P S co mbine t o  act  as 6 4-bit  
regist er f o r mul t ip l y  and div ide
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Product/
Remainder

(Multiplier/
Quotient)

Multiplicand/
Divisor

32-bit ALU

Write
Control

32 bits

64 bits

Shift Left
Shift Right

M ultip ly / D iv id e H a r d w a r e 
� 32-bit  M ul t ip l icand/ D iv iso r regist er,  32 -bit  AL U ,  6 4-bit  
P ro duct / R emainder regist er,  (0-bit  M ul t ip l ier/ Q uo t ient  
regist er)
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Outline
� Signed and unsigned numbers (Sec. 3.2)
� Addit io n and subt ract io n (Sec. 3.3)
� C o nst ruct ing an arit h met ic l o gic unit  (Ap p endix  B.5 ,  
B6 )

� M ul t ip l icat io n (Sec. 3.4,  C D : 3.23 I n M o re D ep t h )
� D iv isio n (Sec. 3.5 )
� F l o at ing p o int  (Sec. 3.6 )
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� W h at  can be rep resent ed in N  bit s?
U n si g n e d 0 t o 2n - 1
2’s C o m p l e m e n t -2n-1 t o 2n-1- 1
1’s C o m p l e m e n t -2n-1 + 1 t o 2n-1

E x c e ss M  -M t o 2n - M - 1
� But ,  w h at  abo ut  ...
� v e r y  l ar g e  n um be r s?

9 ,349 ,39 8 ,9 8 9 ,78 7,762,244,8 59 ,08 7,678
� v e r y  sm al l  n um be r ?

0. 000000000000000000000004569 1
� r at i o n al s 2/ 3
� i r r at i o n al s √2
� t r an sc e n de n t al s e , π

F lo a ting -P o int:  M o tiv a tio n

Arithmetic-54 Computer Architecture
CTKing/TTHuang

� C o mp ut er arit h met ic t h at  sup p o rt s it  is cal l ed f l o at ing p o int ,  because t h e binary  p o int  is no t  f ix ed,  as it  is f o r int egers
� N o rmal iz ed f o rm: no  l eading 0s

( ex actly  one di g i t to left of deci mal poi nt)
� Al t ernat iv es t o  rep resent  1/ 1, 000, 000, 000
� N o r m al i z e d:  1. 0 x  10-9

� N o t  n o r m al i z e d:  0. 1 x  10-8, 10. 0 x  10-10

1.0two x 2-1

radix (base)“binary point”

Significand (Mantissa) exponent

S c ientif ic  N o ta tio n:  B ina r y
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� N o rmal  f o rmat : 1.x x x x x x x x x x t w o × 2y y y y two
� W ant  t o  p ut  it  int o  mul t ip l e w o rds: 32 bit s f o r single-

p recision and 6 4 bit s f o r d ou b le-p recision
� A simp l e singl e-p recisio n rep resent at io n:

031
S Exponent
30 23 22

Significand
1 bit 8 bits 23 bits

F P  R ep r es enta tio n

S rep resent s sign
E x p o nent rep resent s y ’s
Signif icand rep resent s x ’s

� R ep resent  numbers as smal l  as 2.0 x  10-3 8 t o  as l arge 
as 2.0 x  103 8
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� N ex t  mul t ip l e o f  w o rd siz e (6 4 bit s)

� D o ubl e p recisio n (v s. singl e p recisio n)
� R e p r e se n t  n um be r s al m o st  as sm al l  as 

2. 0 x  10-3 08 t o  al m o st  as l ar g e  as 2. 0 x  10 3 08

� But  p r i m ar y  adv an t ag e  i s g r e at e r  ac c ur ac y  
due  t o  l ar g e r  si g n i f i c an d

031
S Exponent

30 20 19
Significand

1 bit 11 bits 20 bits
Significand (cont’d)

32 bits

D o ub le P r ec is io n R ep r es enta tio n
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� R egarding singl e p recisio n,  D P  simil ar
� Sign bit :

1 means negat iv e
0 means p o sit iv e

� Signif icand:
� T o  p ac k  m o r e  bi t s, l e adi n g  1 i m p l i c i t  f o r  n o r m al i z e d 

n um be r s
� 1 +  23 bi t s si n g l e , 1 +  52 bi t s do ubl e
� al w ay s t r ue :  0 <  S i g n i f i c an d <  1

(f o r  n o r m al i z e d n um be r s)
� N o t e: 0 h as no  l eading 1,  so  reserv e ex p o nent  v al ue 
0 j ust  f o r number 0

I E E E  7 5 4  S ta nd a r d  (1 / 4 )
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0 1111 1111 000 0000 0000 0000 0000 00001/2
0 0000 0001 000 0000 0000 0000 0000 00002

� E x p o nent :
� N e e d t o  r e p r e se n t  p o si t i v e  an d n e g at i v e  e x p o n e n t s
� A l so  w an t  t o  c o m p ar e  F P  n um be r s as i f  t h e y  w e r e  

i n t e g e r s, t o  h e l p  i n  v al ue  c o m p ar i so n s
� I f  use  2’s c o m p l e m e n t  t o  r e p r e se n t ?

e . g . , 1. 0 x  2-1 v e r sus 1. 0 x 2+ 1 (1/ 2 v e r sus 2)

I E E E  7 5 4  S ta nd a r d  (2 / 4 )

I f w e u se int eger com p a rison for t h ese t w o w ord s,  
w e w ill conclu d e t h a t  1 / 2  >  2 ! ! !
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1/2 0 0111 1110 000 0000 0000 0000 0000 0000
0 1000 0000 000 0000 0000 0000 0000 00002

� I nst ead,  l et  no t at io n 0000 0000 be mo st  negat iv e,  
and 1111 1111 mo st  p o sit iv e

� C al l ed biased no t at io n,  w h ere bias is t h e number 
subt ract ed t o  get  t h e real  number
� I E E E  754 use s bi as o f  127 f o r  si n g l e  p r e c i si o n :

S ubt r ac t  127 f r o m  E x p o n e n t  f i e l d t o  g e t  ac t ual  v al ue  f o r  
e x p o n e n t
� 1023 i s bi as f o r  do ubl e  p r e c i si o n

I E E E  7 5 4  S ta nd a r d  (3 / 4 )
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031
S Exponent
30 23 22

Significand
1 bit 8 bits 23 bits

� Summary  (singl e p recisio n):

(-1)S x  (1.Signif icand) x  2( E x p o n e n t -127)

� D o ubl e p recisio n ident ical ,  ex cep t  w it h  ex p o nent  
bias o f  1023

I E E E  7 5 4  S ta nd a r d  (4 / 4 )
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0 0110 1000 101 0101 0100 0011 0100 0010

� Sign: 0 = >  p o sit iv e
� E x p o nent : 
� 0110 1000tw o =  104ten
� Bi as adj ust m e n t :  104 - 127 =  -23

� Signif icand:
� 1+ 2-1 + 2-3  + 2-5  + 2-7  + 2-9 + 2-14  + 2-15  + 2-17  + 2-22

=  1. 0 +  0. 666115
� R ep resent s: 1.6 6 6 115 t e n ×2-23  ≈ 1.9 8 6  × 10-7

E x a m p le:  F P  to  D ec im a l
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1 0111 1110 100 0000 0000 0000 0000 0000

� N umber =  - 0.7 5
=  - 0.11t w o × 20  (scient if ic no t at io n)
=  - 1.1t w o × 2-1 (no rmal iz ed scient if ic no t at io n)

� Sign: negat iv e = >  1
� E x p o nent :
� Bi as adj ust m e n t :  -1 + 127 =  126
� 126ten =  0111 1110tw o

E x a m p le 1 :  D ec im a l to  F P  
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� A mo re dif f icul t  case: rep resent ing 1/ 3?
=  0. 33333…10  =  0. 0101010101… 2 × 20

=  1. 0101010101… 2 × 2-2

� S i g n :  0
� E x p o n e n t  =  -2 +  127 =  12510 = 011111012
� S i g n i f i c an d =  0101010101…

E x a m p le 2 :  D ec im a l to  F P

0 0111 1101 0101 0101 0101 0101 0101 010
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Z er o  a nd  S p ec ia l N um b er s
� W h at  h av e w e def ined so  f ar?  (singl e p recisio n)

E x p o n e n t S i g n i f i c an d O bj e c t
0 0 ? ? ?
0 n o n z e r o ? ? ?
1-254 an y t h i n g + / - f l o at i n g -p o i n t
255 0 ? ? ?
255 n o n z e r o ? ? ?
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R ep r es enta tio n f o r  0
� R ep resent  0?
� e x p o n e n t  al l  z e r o e s
� si g n i f i c an d al l  z e r o e s t o o
� W h at  abo ut  si g n ?
� +0: 0 00000000 00000000000000000000000
� -0: 1 00000000 00000000000000000000000

� W h y  t w o  z ero es?
� H e l p s i n  so m e  l i m i t  c o m p ar i so n s
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S p ec ia l N um b er s
� W h at  h av e w e def ined so  f ar?  (singl e p recisio n)

E x p o n e n t S i g n i f i c an d O bj e c t
0 0 0
0 n o n z e r o ? ? ?
1-254 an y t h i n g + / - f l o at i n g -p o i n t
255 0 ? ? ?
255 n o n z e r o ? ? ?

� R ange:
1. 0 × 2-126  ≈ 1. 8  × 10-3 8

W h at  i f  r e sul t  t o o  sm al l ?  (> 0, <  1. 8 x 10-3 8 = >  U n de r f l o w ! )
(2 – 2-23 ) × 2127 ≈ 3. 4 × 10 3 8

W h at  i f  r e sul t  t o o  l ar g e ?  (>  3. 4x 10 3 8 = >  O v e r f l o w ! )
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R ep r es enta tio n f o r  + / - I nf inity
� I n F P ,  div ide by  z ero  sh o ul d p ro duce + / - inf init y ,  no t  
o v erf l o w

� W h y ?
� O K  t o  do  f ur t h e r  c o m p ut at i o n s w i t h  i n f i n i t y , e . g . ,  X / 0 >  

Y  m ay  be  a v al i d c o m p ar i so n
� I E E E  7 5 4 rep resent s + / - inf init y
� Mo st  p o si t i v e  e x p o n e n t  r e se r v e d f o r  i n f i n i t y
� S i g n i f i c an ds al l  z e r o e s

S 1111 1111 0000 0000 0000 0000 0000 000
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R ep r es enta tio n f o r  N o t a  N um b er
� W h at  do  I  get  if  I  cal cul at e sq rt (-4.0) o r 0/ 0?
� I f  i n f i n i t y  i s n o t  an  e r r o r , t h e se  sh o ul d n o t  be  e i t h e r
� T h e y  ar e  c al l e d Not a Number (N aN )
� E x p o n e n t  =  255, S i g n i f i c an d n o n z e r o

� W h y  is t h is usef ul ?
� H o p e  N aN s h e l p  w i t h  de bug g i n g ?
� T h e y  c o n t am i n at e :  o p (N aN ,X ) =  N aN
� O K  i f  c al c ul at e  but  do n ’t  use  i t
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S p ec ia l N um b er s  (c o nt’d )
� W h at  h av e w e def ined so  f ar?   (singl e-p recisio n)
E x p o nent Signif icand O bj ect
0 0 0
0 no nz ero deno m (? ? ? )
1-25 4 any t h ing + / - f l . p t . #
25 5 0 + / - inf init y
25 5 no nz ero N aN
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B a sic  a d d ition  a l g orithm :
(1) co mp ut e Y e - X e ( t o a lign b ina ry  p oint )
(2) righ t  sh if t  t h e smal l er number,  say  X m,  t h at  many  p o sit io ns t o  f o rm X m × 2X e -Y e
(3) co mp ut e X m × 2X e -Y e +  Y m
if  demands no rmal iz at io n,  t h en no rmal iz e:
(4) l ef t  sh if t  resul t ,  decrement  resul t  ex p o nent
righ t  sh if t  resul t ,  increment  resul t  ex p o nent
(4.1) ch eck  o v erf l o w  o r underf l o w  during t h e sh if t(4.2) ro und t h e mant issa co nt inue unt il  M SB o f  dat a is 1(N O T E : H idden bit  in I E E E  St andard)

(5 ) if  resul t  is 0 mant issa,  set  t h e ex p o nent

F lo a ting -P o int A d d itio n

0 10 1 0 1

Control

Small ALU

Big ALU

Sign Exponent Significand Sign Exponent Significand

Exponent 
difference

Shift right

Shift left or right

Rounding hardware

Sign Exponent Significand

Increment or 
decrement

0 10 1

Shift smaller 
number right  
 

Compare 
exponents  
 

Add

Normalize

Round

F ig. 3.17
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F lo a ting -P o int M ultip lic a tio n
B a sic  m u l tip l ic a tion  a l g orithm
(1) add ex p o nent s o f  o p erands t o  get  ex p o nent  o f  
p ro duct
do ubl y  bi ase d e x p o n e n t  m ust  be  c o r r e c t e d:
X e =  7
Y e  =  -3
E x c e ss 8

n e e d e x t r a subt r ac t i o n  st e p  o f  t h e  bi as am o un t
(2) mul t ip l icat io n o f  o p erand mant issa
(3) no rmal iz e t h e p ro duct
(3.1) ch eck  o v erf l o w  o r underf l o w  during t h e sh if t
(3.2) ro und t h e mant issa 
co nt inue unt il  M SB o f  dat a is 1

(4) set  t h e sign o f  p ro duct

Xe = 1111
Ye = 0101

10100

= 15
=   5

20

=  7 + 8
= -3 + 8

4 + 8 + 8
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� Sep arat e f l o at ing p o int  inst ruct io ns:
� S i n g l e  p r e c i si o n :  add.s,sub.s,mul.s,div.s
� D o ubl e  p r e c i si o n :  add.d,sub.d,mul.d,div.d

� F P  p art  o f  t h e p ro cesso r:
� c o n t ai n s 32 32-bi t  r e g i st e r s:  $f0, $f1, …
� m o st  r e g i st e r s sp e c i f i e d i n  . s an d . d i n st r uc t i o n  r e f e r  t o  

t h i s se t
� se p ar at e  l o ad an d st o r e :  lwc1 an d swc1
� D o ubl e  P r e c i si o n :  by  c o n v e n t i o n , e v e n / o dd p ai r  

c o n t ai n  o n e  D P  F P  n um be r :  $f0/$f1, $f2/$f3
� I n st r uc t i o n s t o  m o v e  dat a be t w e e n  m ai n  p r o c e sso r  an d 

c o p r o c e sso r s:
� mfc0 ,  mtc0 ,  mfc1 ,  mtc1 ,  etc.

� S e e  C D  A -73 t o  A -8 0

M I P S  F lo a ting  P o int
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F lo a ting  P o int F a lla c y
� F P  add,  subt ract  asso ciat iv e?
F AL SE !
� x  =  – 1. 5 x  103 8, y  =  1. 5 x  10 3 8, z  =  1. 0
� x  +  (y  +  z ) =  –1. 5x 10 3 8 +  (1. 5x 10 3 8 +  1. 0)

=  –1. 5x 10 3 8 +  (1. 5x 10 3 8) =  0. 0
� (x  +  y ) +  z =  (–1. 5x 10 3 8 +  1. 5x 10 3 8) +  1. 0

=  (0. 0) +  1. 0 =  1. 0
� T h eref o re,  F l o at ing P o int  add,  subt ract  are no t  
asso ciat iv e!
� W h y ?  F P  r e sul t  ap p r o x i m at e s r e al  r e sul t !
� T h i s e x am p l e :  1. 5 x  103 8 i s so  m uc h  l ar g e r  t h an  1. 0 t h at  

1. 5 x  10 3 8 +  1. 0 i n  f l o at i n g  p o i n t  r e p r e se n t at i o n  i s st i l l  1. 5 
x  10 3 8
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S um m a r y
� M I P S arit h met ic: successiv e ref inement  t o  see f inal  design
� 32-bi t  adde r  an d l o g i c  un i t
� 32-bi t  m ul t i p l i e r  an d di v i so r , w i t h  H I  an d L O
� Bo o t h ’s al g o r i t h m  t o  h an dl e  si g n e d m ul t i p l i e s

� F l o at ing p o int  numbers a p p rox im a t e v al ues t h at  w e w ant  t o  use
� I E E E  754 F l o at i n g  P o i n t  S t an dar d i s m o st  w i de l y  ac c e p t e d t o  st an dar di z e  t h e i r  i n t e r p r e t at i o n
� N e w  MI P S  r e g i st e r s ($f0-$f31) an d i n st r uc t i o n s:
� S i ng le-preci si on ( 32 bi ts,  2x 10-3 8 … 2x 10 3 8 ):  add.s, 
sub.s, mul.s, div.s
� Dou ble-preci si on ( 64 bi ts ,  2x 10-3 0 8 …2x 10 3 0 8 ):  add.d, 
sub.d, mul.d, div.d

� T y p e is no t  asso ciat ed w it h  dat a,  bit s h av e no  meaning unl ess giv en in co nt ex t  


