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3 Eigenvalue Problem

3.1 Orthogonal iteration

• Want to compute more than one eigenpairs at a time.

• Algorithm(OI)

1. Z0=[~v1, ~v2] is an nx2 random orthogonal matrix.

2. For i=1, 2, 3...

3. Yi=A*Zi−1

4. [Zi,Wi]=QR(Y)

5. end for

6. Extract eigenpairs from Z.

(a) Tk=Z
T
k AZk

(b) if Tk is upper triangular converged(Zk = Qk)

(c) compute Tk’s eigenpairs.

• Suppose X = [~x1, ~x2, ...~xn] eigenvector matrix of A.

Assume |λ1| > |λ2| > . . . |λn|
X = QR

X−1 = R−1QT

A = XΛX−1 = QRΛR−1QT = QTQT (Schur decomposition)

Assume X = [x1x2] = [Q1Q2]
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• eigenvalues and eigenvectors of an upper triangular matrix T

T =


t11 t12... t1n

t22... t2n
. . .

tnn

 =

T11 ~t1i T1,i+1

tii ~tTi,i+1

Ti+1,i+1


λi = tii

~xi =

(tiiI − T11)−1 ~t1,n
1
0


• span { Zk } → an invariant subspace of S={~u}

~u ∈ s A~u ∈ s
A~x1 = λ1~x1

A~x2 = λ2~x2

~u = α~x1 + β~x2

A~u = αλ1~x1 + βλ2~x2

3.2 QR Algorithm

• Algorithm

• To Compute all eigenpairs.

1. B0=A

2. For i=0,1,2...

3. [Qi+1, Ri+1]=qr(Bi)

4. Bi+1 = Ri+1Qi+1, Ui+1 = UiQi
end for

5. Extract eigenpairs from UK , BK
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AKZ0 = XΛKX−1Z0

= X



λk1
λk2

. . .

λkp
λkp+1

. . .

λkn


X−1Z0

= λkpX



(
λk1
λp

)k

. . .

1

(
λp+1

λp
)k

. . .

(λnλp )k


X−1Z0

→ λkpX
[
XpX

⊥
p

]


x
x

x
1

0
0

0


X−1Z0

→ λkp(XpW +X⊥p 0)

[λ, ~x1] converge rate(
λp
λ1

)

– converge rate

lim
k→∞

=
||u(k)1 − ~x1||
||~uk+1

1 − ~x1||
= p =

1

2
(converge rate) (1)

lim
k→∞

=
|uk1 − λ1|
|uk−11 − λ1|

(2)

lim
k→∞

=
||A~u(k)1 − u

(k)
1 ~u

(k)
1 || → residual

||A~u(k−1)1 − u(k−1)1 ~u
(k−1)
1 ||

(3)
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