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Lecture Notes 4: Matrix decompositions

Lecturer: Che-Rung Lee Scribe: Chung-Che Wang

2. Matrix decomposition

2.1 LU decomposition

e Example: when solving AZ = b:
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e Combine the E®) matrices:
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e Prove the inverse of a nonsingular lower triangular matrix L is also a lower triangular
matrix:
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base case: L =a,L ' ==
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assume: L 'is a k x k lower triangular matrix
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e Well/ill-condictioned (in problem domain)
— Relationship between well-condictioned, ill-condictioned, and ill-posed

Ill-Posed
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— Example: solve quartic equation. The problem is ill-condition when a is small.
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e stability (in algorithm domain)
— Example: 100004-0.0001—10000. The result is zero if we calculate 10000+0.0001
first while the precision is not enough.
— Example: solving AZ = b (unstable).
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— Example: solving AT = b (stable, with pivoting).
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— Example: solving az? + bz + ¢ = 0.
when a =c=10"%, b=10% d=b>—4ac=10°—-4x107% ~ 10°
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However, by calcuating x'™/ from
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e Definition of condition number:
The relative error of input x condition number = The relative error of output

e The condition number of AZ = b: (assume all errors are in A)
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where ’HA” is the input error, and HA_IH ||A]| is the condition number.

The input error can be reduced by increasing the precision.
e LU decomposition in MATLAB
— [L, U] = lu(A)
A=LU, |[A-LU|~=0.
— [L, U, P] = 1u(A)
PA=LU, |[PA-LU| 0.



2.2 Cholesky decomposition

e For symmetric positive definite (S.P.D.) matrix

— symmetric: A = AT

— positive definite: VZ # 0,27 AZ > 0

— Ais S.P.D. iff Cholesky decomposition exist

e Considering from LU decomposition

— in LU decomposition: A = LU, AT =UTL”

— when A= AT: LU =UTLT

—U=LTif AisS.PD. » A=LLT

e Steps of computation

— base case:

A = aji, L= LT = /a1

— recursion:
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e Time complexity

—

— for l,,_1:
L1z =b — 1
loix1  + laomwo =by — 3
l31x1 + lgoxs  + l3373 =b3 — 5
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= (n —1)% in total.

— for l,,,:
X : n—1
i— nIQ = 2n —1 in total.
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— total:
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— About 2 times faster than LU decomposition

— Even faster in practical, since pivoting is not needed.



