Examples from textbook
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Schur-complement method

—Gp+ AN = ¢
(AG7tANN = AG'g—h

1,7 | 0.4819 0.1084
AG AT = 0.1084 0.3494 ]
T
Let x=(0,0,0)T h=Axr —b=—b= [ -3 0 }

g=c+Gr=c=| -8 -3 -3 }T

A = (AG AT L (AG g — h) = _32 ]

p:G_l(AT)\—g):[Z -1 1| =2*—z=x



Null space method

- —0.71 041 —-058 | [ —141 -—0.71
AT = QR = 0 —0.82 —0.58 —1.22
- —0.71 —0.41 0.58 | |

R'Qip = R'pi=-h
(Q;GQ2)ps = —Q3GQip1 — Q59
R\ = Qf(g+Gp)

pp=—-R Th=[212 -122]"

p2 = —(Q2GQ2) " (Q2GQip1 — Q3 9) =0
p=Qip1+Qp2=]2 -1 1 }T

N =RIQT(g+Gp)=[3 2]




Active set example

min ¢(x) = (x; — 1)* + (x; — 2.5)°
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Initial guess is ' = (2,0), Wy = {3,5}
Solve ~ min (#1 — 1) + (22 — 2.5)°
L1 — 233‘2 -+ 2 Z 0
—I1 —233‘2 + 6 ZO
—331+2332 ——2:()
L1 Z 0,5132 =0

Solution is p=0, since x,,x, are fixed by {3,5}.
Check Lagrangian multipliers of 3 and 5.
If both are positive, the solution is found (KKT condition).

Otherwise, remove one constraint.



How to find Lagrangian multipliers?

* We have seen this in the algorithms for equality
constraints: solving KKT system.

(3% ) () =(1)

» Since g=c+Gx and p=x*—x, AT)\* = Gz* + ¢

=l ifeslofes [T )ee o)

Vo [ A3 ] _ [ —2 ] Not an optimal solution.
A5 —1

Remove the 3 constraint.



Next one z!' = (2,0),W; =
Solve min (21 —1)°+

T

15}
(5132 — 25)2

2131—2332—|—220

—x1 — 229 -

-6 >0

—x1 + 229 -

-2 >0

33120,332:0

Solution is p=(—1,0).
Check if x'+p=(1,0) violates

any inequality constraints.



Next one z? = (1,0), W, = {5}

Solve H}Ein (1 — 1) + (z2 — 2.5)°
L1 — 2332 -+ 2 Z 0
— I —2332 ——620
—2131—|—2£l?2 + 2 ZO

33120,332:0

Solution is p=0, Check optimality

0 0
Fe=] 5 [ =

(1,0) is not an optimal solution. Remove the
oSth constraint.




Next one z° = (1,0), W3 =
Solve min (21 —1)°+

T

U
(5132 — 25)2

2131—2332—|—220

—x1 — 229 -

-6 >0

—x1 + 229 -

-2 >0

$1207$220

Solution is p=(0,2.5). Check i

f x3+p=(1, 2.5)

violates any inequality constraints.
r1 — 20 +2=1—-5+4+2=-2<0
Set step length 0=0.6, so x3+ ap=(1,1.5).

Add 1 to the working set.



Next one z* = (1,1.5), W, = {1}
Solve min (3 — 1)? + (z2 — 2.5)
r1 — 200 +2 =0
—x1 —2x9+6 >0
—x1+2x9+22>0
r1 > 0,29 >0

Solution is p=(0.4,0.2). Check if x*+p=(1.4, 1.7)
violates any inequality constraints.




Nextone z° = (1.4,1.7), W5 = {1}

Solve min (1 —1)° +

T

(5132 — 25)2

2131—2332—|—2:O

—x1 — 229 -

-6 >0

—x1 + 229 -

-2 >0

$1207$220

Solution is p=0. Check optimality.

BRIy

We found the solution.

AL =0.8



Interior point method

ml_in g(x) = (x; —1)°  min %xTGx +clz+d

+ (02 =257 ¢ Ax > b

X1 —2x3+2 =0, G — 2 0 . —92
—X1 —2x2+6 =0, 02 o
1 =2 ] - _9
—Xx1 4+ 2x, 4+ 2 > 0,
| ) B —1 -2 6
) 2 0 1 O O
) 0 1 ) I 0
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Gradient projection method
min f = (1 +213 — 1) + (22 + 223 — 1) + (23 — 3/4)°

L1 ,TL2,XL3

0<x,22,23 <1

1
min f(z) = ~2'Gr +c' v +d

(14

4 0 —2
2
10 4 ,C = —6 ,d = 1—§
4 10 —11/2
Gradient: ¢g=Gzxz+c= ( 4x1 + 1029 + 423 — 6

2%1 R 45132 — 2
4o + 1023 — 11/2

S = DN



0 —2 (.CEZ — uz)/gz if g; < 0
ro=1| 0 |,9= —6 ti=1< (@ —10;)/g; ifg; >0
0 —11/2 00 otherwise
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tlz—,tgz—,tgz— ZCZ(t): x’b tg’t lftStZ
2 6 11 x; —t;g; otherwise

Since t,<t;<ty, for te(0,t,),(1y,t3), (1, 15)
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* For 0<t<1/6, minimizer is at
X, =(0.13,0.41,0.37)", where f(x,)=.0682
—1=0.0682

« For 1/6<t<2/11, f(x, )=5.167
~t=1/6

. For2/11<t<1/2, .,
f(xs7)=5.922
—t=2/11 al T
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