Solutions for HW4

(1) By applying a modified Gram-Schmidt orthogonalizarion process on the matrix A given

below.

A=1]1 0 0| =

1 2 2

(0 0 4]

[ah az, a3]

We have (there may have different versions of Modified Gram-Schmidt)
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(ii) z2 = as — (dfas)qr, g2 =

(iii) y3 = az — <337<11><11 =

Then, we have
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= [ —1 ]; z3 = y3 — (a3, q2)q2 =



(2)

-1 0 3 A+1 0 -3
B=|-32 3|, dt(\[-B)=| 3 x-2 -3
6 0 8 6 0 A-—38

Let the determinant det(A\ — B) = 0, we want to solve det(A\ — B) = (A + 1)(\ —
2)(A—8) +18(A—2) = (A —2)2(A—5) =0. Thus, A =2,2,5.

For A\ = 2, we have corresponding eigenvectors {[a, b, a|” | any constant a and b, a*+
b*> # 0}. Thus, we can pick up a = % and b=0or a=0,b=1 as two eigenvectors

corresponding to A = 2.

For A = 5, we have a corresponding eigenvector {a[l,1,2]T| any constant a # 0},

let a = % Denote
1 1T g 1]
v 0 V6 w V%
u; = 0|, wa=|1], us= % , and U = [ug,up,u3] = 0 1 %
1 2 1 2
2 0 | 7 L= 0 %
Then,

(3) For real m x m matrices A and U, k2(U) = ||U||2[[U |2, |U]l2 = mazxj,=1{||Ux]|2}

(i) If U is orthogonal, then UTU = I, so U~! = U7, then
[U]l2 = mazx,=1{[|Ux][2}

= max||x||2:1{“UX||§}
= maz x|, {x' U Ux}
— mal’||x||2:1{XT(UTU == ]>X}

=1



Similarly,
U2 = maze,- { 1T ]2}
= mazx,-{|U"x[3}
= mazx,-1{x" (U7 U"'x}
= max||x||2:1{xT(UU_l = I)X}
=1
Thus, k2(U) = ||U]l2]|JU |2 = 1 x 1 = 1. Moveover, for any m-dimensional column

vector x with ||x|[s = 1, we can have an m-dimensional column vector y with ||y||s = 1
such that y = Ux, and vice versa. Thus,

[AUll2 = maz),—1{[[AUx]|2}
= maz|y|,=1{[| Ay}
= || All2
IUA[l2 = maz),—1{[[U A2}
= maz|x,=1{[|UAx]|3}
= maz|xp-1{x' AT(UTU = I)Ax}
= Maz|y,=1{x" AT Ax}
= mazx|,=1{[Ax||2}

= (Al

Similar arguments, we can prove that [[(AU)™ ||z = [|[A7!|2, and ||(UA)7Y|, =
IA=Y|2. Therefore, ry(AU) = [[AU2[[(AU) 7 |2 = [|All2| A7 |2 = #(A).

| Ax||2
[1x]]2
[All2[l%[l2, we know x = (A7'A)x, then x|l = [[(AT"A)x[], = [[A7'[Ax]][; <
AT |2l Ax[la < [JA7 2| Afl2][xl2, thus 1 < [JA7M2]|All2, so ka(A) > 1 for any
m X m invertible matrix A.

(ii) By definition, ||Alls = max|x|,-o { }, then for any x # 0, we have ||Ax||s <



(4)

Then the least squares solution can be computed by
x

7 =
Y

(5) T'll do this when I have time.
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