Solutions for Test 2 of ISA5305, Fall 2019
Due in class of Thursday, December 26, 2019

Name : ID :

(15%) 1(a) Let X be a continuous type of random variable that takes only nonnegative
values. For any 5 > 0, prove that

Pix > p) < 25
5
E(X) = [Caf(rde = [§of(r)de+ [F of(x)da
> [Pafe)de > AL f(o)d
— BP(X >p)

Therefore, P(X > ) < %

(15%) 1(b) Let X be a continuous type of random variable with mean F(X) = p and
variance Var(X) = o%. For any 7 > 0, show that

N

g

P(|X_N|Z7')§§

Var(X) = [ (¢ — p)f(z)dx
Jompzr(@ = ) f(@)da + [,y or (@ — p)? f(2)d
> Jiopzr TS (@)da
= 7 oo pzr f(@)da

(P ETIEE

Therefore, P(| X —p|>7) < V%gX) < i—i



(30%) 2. Fill the following blanks (no partial credits).
(a) Let {X;, 1 <i <9} bearandom sample of size 9 from N(2,1). Define X = $ 0, X;
and Y =9 ,(X; — 2)% Then

the moment-generating function Mx(t) = _e2+®/18)

1

the moment-generating function My (t) = T2

(b) Let {Z; ~ N(0,1), 1 <i < 10} be a random sample of size 10. Define V = 1%, Z; and
W =%1° Z2. Then

the probability density function of V| fy (z) = ﬁe*lﬂ/%, —o0o<r <00

the moment-generating function My () = (1_#)5 and the p.d.f. of W, fy(z) =

F(51)25 ale "/

c) Let {X;i, Xs,---,X,,} be a random sample of size n from the exponential distribution
(c)

with F(X,) = 3. Define Y = > _X;. Then

i=1

the p.d.f. of Y, fy(y) = F(;)Bny"_le_y/g, y>0

the moment-generating function of Y, ¢y (t) = (17{%)”
(d) Let Z ~ N(0,1). Define Y = 37 + 2, then

the p.d.f. of Y, fy(y) = \/118761’])[— (yzg) |, —c0o<y<oo

t2
the moment-generating function of Y, ¢y (t) = 2+

(e) Let {X; ~ x?(1), 1 <i<n} bearandom sample and define W,, = (X7, X; —n)/v/2n.
According to the Central Limit Theorem,

the limiting distribution function of W,, limit, .o P(W, < w) = [%_ \/LQ_ﬂesz/de = O(w)

the limiting moment-generating function is limit, . My, (t) = _e""/?



(10%) 3. Let the r.v. X have the p.d.f. f(z) = St pa-1(] — 2)8-1 0 < 2 < 1, where
a, B > 0 are known positive integers.

Find E[X] and Var[X].

Hint: I'(z) = [e 't 'dt and fol 2o N1 — x)Pldr = L()T(B)

M(atp) -
Proof:
BIX] = Jyaf(x)ds = f- FF((aO;JIS(ﬁB)) (1 — )" da
— F(a—l—ﬁ) 1 o —1 o F(Oé-‘rl)l—‘(ﬁ)
= tr@ o 2*1—2) e = TS
~  ath)
vspacedbmm
IN'a P _
E[X? = [la¥f(z)dz = r((a);:(ﬁﬁ)) S 2ot (1 — 2)Pld
L+l  _ __ala+d)
D(a+5+2) (@t+B)(a+A+1)
_ B B
VarlX) = ERXT = (BIXI® = Gaaplersn



(15%) 4. Let X1y < X < -+ < X be the order statistics of a random sample
{X1, X5, -, X,,} from the uniform distribution U(0,1).

a) Find the probability density function of X().

b) Use the results of (a) to find E[X()].

(c) Find the probability density function of X,.

(d) Use the result of (c) to find E[X,].

(
(

Hint: Let {X;, X5, -, X, } be arandom sample from U(0, 1), then X1y = min{X;, Xy, - --

and X,y = mar{Xy, Xo,---, X, }.

Proof:
P(X(l) Sl‘) = l—P(X(l) >:L‘)
= 11}, P(X() > z) ,
— 1-(-ay
then,
(a) fxp (@) = n(l- )" 0<a<1
(b) E(Xq) = fol n(l —x)" tdx
P<X(n) < «T) = H?:IP(X(j) < :L’)
= H?le' )
= "
then,
(¢) fxo(@) = na"', 0<z<1

(d) E(Xw) = Jyna"ds

, X}



(15%) 5. Let X have the p.d.f. f(z) = B2°7!, 0 < z < 1 for a given 8 > 0. Define
Y = —35In(X).

(a) Compute the distribution function of Y, P(Y <vy), for 0 <y < oo.
(b) Find the moment-generating function My (t).
(¢) Find E(Y) and Var(Y).

Proof:
PY <y) = P(=38In(X)<y)

= P(X > e¥/30)
= fel—y/?»ﬁ B tdx
= 1—e¥/3

then, (a) fy(y) = 3¢7¥® 0 <y < oo, Yis an exponential distribution with the
parameter § = 3. (b) My (t) = 5. (¢) E(Y)=3 and Var(Y)=09.



