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H3: Vector Space and Linear Transform

Let (S, ⊕, �) be a set with the operation x⊕ y being defined for x,y ∈ S, and α� x for
α ∈ T and x ∈ S. Under the definitions for (1 ∼ 3), determine if (S, ⊕, �) is a vector
space over T.

(1) Let S = R2, T = R, define x ⊕ y =

⎡
⎢⎣

x1

x2

⎤
⎥⎦ ⊕

⎡
⎢⎣

y1

y2

⎤
⎥⎦ =

⎡
⎢⎣

x1 + y1 + 1

x2 + y2 + 1

⎤
⎥⎦

and c �
⎡
⎢⎣

x

y

⎤
⎥⎦ =

⎡
⎢⎣

cx

cy

⎤
⎥⎦.

(2) Let S = R+ = {r ∈ R| r > 0}, T = R, define x ⊕ y = xy and k � x = xk.

(3) Let S = {[1, x]| x ∈ R}, T = R, define [1, x]⊕ [1, y] = [1, x + y] and c� [1, x] = [1, cx].

(4) Let v1 =

⎡
⎢⎣

2
4
−2

⎤
⎥⎦, v2 =

⎡
⎢⎣

1
−6
7

⎤
⎥⎦, v3 =

⎡
⎢⎣

1
0
2

⎤
⎥⎦, and b =

⎡
⎢⎣

5
−2
9

⎤
⎥⎦.

Find a linear combination of v1,v2,v3 such that b =
∑3

i=1 civi, i.e., compute c1, c2, c3.

(5) Express x = [6, 3, 1] as a linear combination of u = [1, 1, 1], v = [1, 1, 0], w = [1, 0, 0].

(6) Prove or disprove that {[3, 1,−4]t, [2, 5, 6]t, [1, 4, 8]t} is a basis for R3.

(7) Let x,y, z ∈ R3, and let L : R3 → R2 be a linear transformation such that L(x) =
[1, 0]t, L(y) = [0, 1]t, L(z) = [1,−1]t. Find L(2x − 3y + 4z).

(8) Let L : R3 → R2 be a linear transformation such that L([1, 0, 0]t) = [1, 1]t, L([0, 1, 0]t) =
[1,−1]t, L([0, 0, 1]t) = [1, 0]t. Find Ker(L).
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Solution for H3: Vector Space and Linear Transform

(1) × since it violates (A5).

(2) ©
(3) ©
(4) [c1, c2, c3] = [1, 1, 2]

(5) [1, 2, 3]

(6) A basis (linearly independent and a spannig set for R3).

(7) [6,−7]t

(8) {α[1, 1,−2]t}


