Vector Space and Linear Transform

& Vector space, subspace, Examples
& Null space, column space, row space of a matrix
& Solution of m equations in n unknowns
& Spanning sets, linear independence, rank, basis, dimension
& Vector norms and matrix norms
& Linear transform
e Projection, rotation, reflection
e Gauss transform
e Householder transform (Elementary reflector)
e Jacobi transform (Givens’ rotation)

<& Affine transform with applications
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Vector Space with Examples

Definition: A vector space V (over R) is a set on which the operations of addition and
scalar multiplication are defined. The set V associated with the operations of addition
and scalar multiplication is said to form a vector space if the following axioms are satisfied.

1) x+y=y+x VxyeV

(2) x+y)+z=x+(y+z) Vx,y,z€V

(3) 30 Vsuchthat x+0=x VxeV

(4) VxeV,3 —x €V such that x+ (—x) =0
(5) a(x+y)=ax+ay, Vo€ Randx,yeV
(6) (a+f)x=ax+p0x, Va,f€ Randx eV
(7) (af)x=0a(fx), Va,f€ Randx €V

8) 1-x=x, VxeV

Ezamples
(1) R™ (over R), in particular, n = 2,3
(2) Cla,b], for example, C[0,1]
(3) P, = {apz"+ap 12"+ -+ @z +ag| a; € R}

(4) R™™ = the set of all m by n real matrices
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Subspaces of Vector Space

Definition: A subspace U of a vector space V is a nonempty subset satisfying

x+yeU and axelU Vx,yeU; a€R

Ezamples

The set of lower-A (upper-A) matrices

The set of tridiagonal (diagonal, Hessenberg) matrices

Let A€ R™" A =laj,ay,--,a,], and A" = [by, by, -, b,,], then
Null(A) = {x € R"| Ax =0} C R" (Nullspace)
R(A) = {X}_, aja;| a; € R} C R™ (Column space)

R(A"Y) = {3, B;b;| B; € R} C R™ (Row space)

Theorem: The system Ax = b is solvable iff the vector b can be expressed as a linear
combination of the columns of A

A= [alaa27"'uan]

Ax=Db iff inai =b
i=1
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Overdetermined, Underdetermined, Homogeneous

Systems
a11T1 + a12T9 + -+ AnTy, = b1
a1 + ATy + - 4+ agr, = b
Am1T1 + AmaX2 + -+ App®y, = bm

Definition: A linear system is said to be overdetermined if there are more equations than

unknowns (m > n), underdetermined if m < n, homogeneous if b; =0, V1 <i < m.

r + y = 1 r + y =3 r + y = 2
(A) xr — y= 3 (B) =z —-—y=1 (C) 2z + 2y = 4
—r 4+ 2y = -2 2c + y = b —r — y = —2

(A) has no solution, (B) has unique solution, (C) has infinitely many solutions

r + 2y + z = -1 r + 2y + z = 5
(D) (E)
2 + 4y + 2z = 3 2c — y + z = 3

(D) has no solution, (E) has infinitely many solutions
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Solutions of m Equations in n Unknowns

Theorem: V A € R™ "™, there corresponds a permutation matrix P, a unit lower-A
matrix L, and an m x n upper trapezoidal matrix U such that PA = LU

1 2 3 4 1 2 3 4]
1 2 36 2 5 6 8
A: :>pA:P34p23A:
2 5 6 8 1 3 45
|1 3 4 5| 123 6
(1 2 3 41 1 00 0][1 2 3 4]
2 5 6 8 2100 0100
PA = = = LU
1 345 1110 0011
1236 |[1001][000 2]
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The Rank of A Matrix

Suppose the Gaussian elimination reduces Ax=b to Ux=c with r pivots, i.e., the last
m — r rows are zero. Then, there is a solution only if the last m — r components of c
are also zero. If m = r, there is always a solution. The general solution is the sum of a
particular solution (with all free variables zero) and a homogeneous solution (with n —r
free variables as independent parameters). If r = n, there are no free variables and the
nullspace contains only x=0. The number r is called the rank of matrix A.

Suppose X, satisfies Ax, = b and x;, satisfies Ax;, =0

Then x, = x, + x;, satisfies Ax, = Ax, + Ax;, =b+0=Db

u
1 3 3 2] 1
(Y
2 6 95 =15
w
-1 -3 3 0| 5
LY
.
133 2 1
(%
0031 S
w
0000 0
LY
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Linear Span

Definition: Let vy, vy, -+, v, be vectors in a vector space V. A sum of the form 7", ¢;v;,
where c}s are scalars, is called a linear combination of vy, va,---,v,. The linear span is
the set of all linear combinations of vy, vs,---, v, and is denoted by

Span(vla Vo, 7Vn>

O In R3, span(ei, e;) = {[a,b, c]'| a,b € R}

O The nullspace could be span([1, —2,1,0]*,[-1, 1,0, 1]*), where
1 110
A=
2101
O Null(A) = span([1,-2,1,0]*,[-1,1,0,1]")
U NUZZ(A) = Span([la _2: 17 O]ta [07 _1: 17 1]t)

Theorem: If vy, vy, -+, v, are elements of a vector space V', span(vy,va, -, v,) is a
subspace of V.

Proof: Show that au+bv eV, Va,be R;u,veV
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Spanning Sets

Definition: The set of {vy,vq,---,v,} is a spanning set for V iff each v € V can be
written as a linear combination of vi, vy, -+ v,.

(1) {e1,es,e3,[1,2,3]'} is a spanning set of R3.

(2) {[1,1,1]%,[1,1,0]%,[1,0,0]'} is a spanning set of R?.

(3) {[1,0,1]%,[0,1,0]'} is not a spanning set of R3.

(4) {[1,2,4]",]2,1,3]",[4,—1,1]"} is not a spanning set of R>.

(5) span(1,z,2%) = span(l — 2,z + 2,2?), where P, = {az?® + bx + c| a,b,c € R}
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Linear Independence

Definition: The vectors vy, vg, - - -, v, are said to be linearly independentif 37" , c;v; =0
implies that ¢; = 0 for 1 <17 < n. Otherwise, they are said to be linearly dependent.
1 1 0
o + 0 = = a=0=0
1 2 0
Let
3 4 2 1 3 3 2 1 2
A=101 5|, B=| 2 6 95|, C=|2 4
0 0 3 -1 -3 30 4 8

(1) The column vectors of A are linearly independent.
(2) The column vectors of B are linearly dependent.

(3) The column vectors of C' are linearly dependent.

Theorem: A set of n vectors in R™ must be linearly dependent if n > m
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Basis and Dimension

Definition: A basis for a vector space is a set of vectors satisfying two properties: (1) it
is linearly independent, (2) it spans the vector space.

e {e;,e,} is not a basis for R? since span(e;,ey) # R>

e The vectors [1,0]%, [0, 1]%, [2, 1]* spans R? but are not linearly independent so it is not a
basis for R?

Definition: Any two bases for a vector space V contain the same number of vectors.
This number, shared by all bases and expresses the number of freedom of the space, is
called the dimension of V.

Theorem: Suppose that vi,vs,---,v,, and wi, W, - - -, W,, are both bases for the same
vector space S, then m = n.

Theorem: Any linearly independent set in a vector space V can be extended to a basis
by adding more vectors if necessaary. Any spanning set in V can be reduced to a basis
by discarding vectors if necessaary.

Example: Let A € R%*!7 be a matrix of rank 11.
(1) 6 = (17 — 11) independent vectors x satisfy Ax = 0

(2) 53 = (64 — 11) independent vectors y satisfy A’y =0
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Four Fundamental Subspaces from a Matrix

1 3 3 2 1 3 3 2 130 1
A= 2 6 9 5 = U=|001 1/3 = E=|001 1/3
-1 -3 3 0 000 O 000 O

matrix = row echelon form = reduced row echelon form

& Fundamental Theorem of Linear Algebra: Let A € R™*" have rank r,
(1) R(A): the column space of A, dim(R(A)) =r
(2) N(A): the nullspace of A, dim(N(A)) =n—r
(3) R(A"): the row space of A (the column space of A'), dim(R(A")) =r

(4) N(A"): the left nullspace of A (the column space of A*), dim(N(A")) =m —r

e N(A) = {x| Ax =0}
o R(A) = {31 tja;| A=[aj,a, -, a,]}

The row space of A has the same dimension r as the row space of U because R(A") =
R(U"). The nullspace N(A) has dimension n — r.

(1) dim(R(A)) +dim(N(A)=r+(n—r)=n

(2) dim(R(A")) +dim(N(A))=r+(m—r)=m

Example: A € R¥>4

dim(R(A)) = 2
1 2 2 1 1 2 21
dim(N(A)) = 4-2
A=]0110] = U=|0110]| =
dim(R(AY) = 2
100 1 0000
dim(N(A) = 3—2

26



Vector Norms

Definition: A vector norm on R" is a function
7: R" — Rt ={x>0/z€R}
that satisfies
(1) 7(x) >0 Vx#0, 7(0) =0
(2) 7(ex) =|cr(x) Vce R, x€ R"

(3) Tx+y)<7(x)+7(y) Vx,y € R

Hélder norm (p-norm) ||x||, = (5, ]xi\p)l/p forp>1.

(p=1) |Ix|ls = > || (Mahattan or City-block distance)

(P=2) [|x|2= (>, \:I:Z-\Q)l/Q (Euclidean distance)

(p=00) [|X|loc = maz1<;<n{|z:|} (00-norm)
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Matrix Norms

Definition: A matrix norm on R™*" is a function
T R™ - RY={z>0|z€ R}
that satisfies
(1) 7(4) >0 YVA+£0, 7(0)=0
(2) 7(cA) = |e|r(A) V c € R, Ae R™"

(3) T(A+ B) < 7(A) +7(B) Y A BeR"™

Consistency Property: T(AB) < 17(A)7(B) V A, B

(a) 7(A) = maz{lay| [ 1<i<m, 1<j<n}

(b) |Allr = { DY aQ}l/Q (Frobenius norm)

j=10i

Subordinate Matrix Norm: ||A|| = mazxj2of{ || Ax|| /|| }
(1) If Ae R™™, then [|Ally = mari<jcn (X1 |ai;])
(2) If A€ R™, then [|Alloe = mazi<ica (S lay])

(3) Let A € R™" be real symmetric, then ||Alls = maxi<;<,|\;|, where A\; € A(A)
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Linear Transformation

Definition: A mapping L from a vector space V to a vector space W is said to be a
linear transform (transformation) or a linear operator if

L(avy + fvy) = aL(vy) + BL(vs), Ya,B € R, vi,vo €V
Examples: Projection, Scaling, Rotation, Reflection on V = R?

(a) L(x) =u'x, forueV

(b) L(x) = sx, for s € R

(c) L(x) = Ryx, where Ry =
sinf cosf

cosf —siné ]

(d) L(x) =y, where y; = —z; and y = 75
(e) L(f) = [, f(x)dx, where f € Cla,l]
(f) L(f) = j£f(x), where f € C'[a,b]

(g) L(x) = Ax, where x € R", A € R™*"
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Image and Kernel

Let L : V. — W be a linear transfrom, and let S C V be a subspace of V.
The kernel of L, denoted by Ker(L), is defined by

Ker(L)={ve V| L(v) =0}
The image of S under L, denoted by L(S), is defined by

L(S)={w e V|w=L(v) for somev €V}

Theorem: Let L : V — W be a linear transfrom, and let S C V be a subspace of V,
then

(a) Ker(L) is a subspace of V/

(b) L(S) is a subspace of W
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Changing Coordinates in R?

{el,eg} = {Vl,VQ}

Any vector in w € R? can be expressed as w = ze; + ye; = [z,y]", suppose that we
want to express w as a linear combination of vy and vy as w = z'vy + ¢y'vy = [2/,/]".
What are {z,y} and {2/, y'} related?

x x
= re; + yes = r'vy + y'vo = [vy, Vo
Y Y
Then
x x
= [vi,vo] ™!
y y
Ezxample: vi = [1,1]}, vo = [—1, 1], then
- »
[Vi, Vo] = = [vi,vo] ' =
1 1 = 1
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Gauss Transform

Define an elementary matrix as

Ep(ry=I—reel, i>k = Eu(r) " =1+ree

A Gauss transform is a matrix of the form

k+1

11 B = EkEn—ip- - Ergr

i=n

which can annihilate the components of a vector x after index k.

Ezamples
1 00 2
G=FE3x(-1)Exn(2)=| -2 1 0], x=| 4 = Gx=
1 01 -2
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Householder Transform (Elementary Reflector)
H =1-2uu', whereu€ R" with ||ul, =1

H' =H and H'=H

Let x = [3,1,5,1], then x|, = V32 + 12+ 5! + 12 = 6.
Define v = x + [|x]|2€1, and let u = v/||v]|2, then

—27 -9 —-45 -9 —6
o1 -9 53 -5 -1 0
H:I—2uu:5—4 , and Hx =
—45 =5 29 =5 0
| -9 -1 -5 53 ] | 0
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Jacobi Transform (Givens’ Rotation)

1
0
0 c 5
J(i,k;0) =
0 —s c
0
i 0 -0

Jn =1if h# 1 or h # k, where i < k
Jii:Jkk:C:COSQ

Jpi = —s = —sinf, Jy = s =sinf

Let x,y € R", then y = J(i, k; #)x implies that
Y; = CT; + STy,

Yp = —ST; + cxy

L — Lk

C = S =
A /:t?eri ! A /:E?+:Ei !

1
2 cos ) 1/v/5

|} Ll
_4_
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Affine Transform with Applications

Tpt1 a; b Tn
y=Ax+t = =
Yn+1 ¢ d; Yn

€;

_|._
fi
w| a b c d e f |]ad— b
1 0 0 0 0160 O 0.01
2108 004 -0.04 085]0 1.60 0.85
31020 -0.26 023 0220 1.60 0.07
41-0.15 028 026 024|0 0.44 0.07

Table 1: An IFS consisting of 4 affine transforms for Fern
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