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Quadratic programming

The General form
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KKT Condition

KKT condition

@ If G is positive definite and )?*,X* satisfy KKT conditions, then X* is
the global solution of the optimization problem (Homework)
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KKT Matrix

@ Let’s first consider the equality constraints only

GX—ATX =_-¢
AX =b

-5 ]
tHIEIN 2

-
} is called the KKT matrix.

. G A
@ The matrix [ A 0
o If A has full row-rank and the reduced Hessian Z7 GZ is positive
definite, where span{Z} is the null space of span{AT} then the KKT
matrix is nonsingular. (Homework)
o If there are only equality constraints, solve (1) directly can get
optimal solution.
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Variable elimination 1/2

A general strategy for linear equality constraints is variable elimination.

Variable elimination

—

o Let AX = b be the linear equality constraints. A € R™*" ¥ € R", and
b€ R™. we assume m < n.

@ We can choose m linearly independent columns to be “basic
variables” and use them to solve the constraints. Others are called
“nonbasic variables”, setting to 0. Let

AP = [B|N], ( ;ﬁz ) = PTx

where P is a permutation matrix.
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Variable elimination 2/2

o Therefore, Xg = B~1b — B~1Nxy. The original constrained problem
becomes an unconstrained problem

—14  p-1lp2
:minf([B g _,B NXN])

ming f(X)
=b XN XN

s.t. AX

@ For nonlinear equality constraints, variable elimination may not
feasible.

@ For example,
min x2 + y2
X’y
st (x —1)3 =2
The solution is at (x, y) = (1,0). Using variable elimination, the
problems becomes min, x? + (x — 1)3 which is unbounded.

@ For inequality constraints, we can use the active set method.
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Active set method

Active set method

Active set method solves constrained optimization problems by searching
solutions in the feasible sets.

@ If constraints are linear and one can guess the active constrains for
the optimal solution, then one can use the active constraints to
reduce the number of unknowns, and then perform algorithms for
unconstrained optimization problems.

@ Problem: how to guess the set of active constraints.

@ Linear programming is an active set method.
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Active set method for convex QP

Consider the following example

min, g(X) = (x1 — 1)? + (x2 — 2.5)? y
s.t. x1—2x+2>0 —(1) (1 2
—x1—2x+6>0 —(2)
—x1+2x0+2>0 —(3) (4) 3)
x1,x >0 —(4),(5)
) (5) N
@ Initial step Xp = ( 0 >
@ The working set Wy = {(3),(5)}
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Solve the EQP

25

ming(X) = xZ —2x1 + 1+ x3 —5x + 2
X

min X Z X+ -2 T)?—i-@
% 0 2 —b5 4

(o) ()

Since it has equality constraints only, using KKT system to solve the QP

2 0 -1 0 2
0 2 2 1 X 5

K=l _12 2 1 <—X>_ -2
01 0 0 0
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Optimality check

@ The solution of the KKT system is X; = ( g > )

@ Both Lagrangian multipliers are negative
= This is not the optimal solution.
= Remove one of the constraint W; = {(5)} and solve the KKT
system again.

20 0 . N
021 < §.> 5 ,*2:<0>,A2:—5
010 2 -2

» S o 1 2 -1
° Letp1:x2x1:(0><0):< 0 )bethesearch

direction, and search oy € [0, 1], such that >?2+ = X1 + a1p is feasible.

v
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Feasibility check

@ The feasibility check: X; + 11 = < 2-m ) =a;=1

0

Movetofzz)?’;:<(l)>.

e But X» < 0, it is not the optimal solution.
= Remove one more constraint Wh = )

2 0 ( . )_ 2 I 1
02) )75 ) 78T 25
- 1 1Y) 0 L
Let pp = < 25 > — ( 0 ) = < 25 > be the search direction.

= S o 1
x3+:x2+oz2p2:<25a2>, Ol2€[0, 1]
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Adding new constraints

@ For ap =1, constraint (1) will be invalided:
=x1—2x%+2>0= a <0.6.

@ Move to X3 = < L ) = ( L > and add (1) to the working

5-06 15
set, Wi = {(1)}.

@ Solve the KKT conditions:

2 0 1 . 2 L (14
0 2 -2 ( ;\. ) = 5 A B
1 -2 0 T4 -2 X =0.8

Since A > 0 and all constraints are satisfied, it is the optimal solution.

v
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Gradient projection method

A special case of inequality constrains are bounded constraints

2
st. [<X<i (which means/j < x; < uj forall i)

which can be solved by gradient project method.

Algorithm: Gradient projection method

@ Given Xp.
@ For k=0,1,2,... until converge
(a) Find a search direction g.

(b) Construct a piece wise linear function x(t) = p(X + tg, I, i)
(c) In each line sequent of x(t) find the optimal solution X¢
(d) Use X¢ as an initial guess to solve ming g(X)

¢ Xji = X7 i€ A(X9)
st /,'SX,'SU,’ I%A()_('C)

v
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In the algorithm 1/2

@ For 2(a), the search direction can be any descent direction, such as
—Vag.
@ For 2(b), the piecewise linear function is computed as

I ifx < |
p(X,1,0); =< x;i ifx €[l,u]
uj if x; > uj

o For each element x;, compute %; as

(i —xi)/&i if gg<0, and/; > —o0
=< (u—x)/g if gg >0, andu <+4oo
o0 otherwise

e Sort {fl,fz,...,f,—,} togetty=0< 1 <th < ....< tmh—1 < 00 =ty
o For each [tj_1,tj], x(t) = x(tj—1) + (t — tj—1)P' !, where

Pl g ifti1 <t
! 0 otherwise
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In the algorithm 2/2

@ For 2(c), we search optimal solution segment by segment [t;_1, t;].
o Let At=1t—tj_1,x(At) = x(tj_1) + Atp L.

a(x(At) = ET(x(t1)+Atp ) +
1 . .
SOt + AT G(x(t + AP
= Ja(F AP 1 b(F AL+ ()
for some function a, b, c of Pt
Opti |A*_Lﬁ dts =t At*
ptimal At* = ) t* = tj_1 + At*.

(UNIT 8) Numerical Optimization April 27, 2011 15 / 20



Sequential quadratic programming

Recall the Newton's method for unconstrained problem. It builds a
quadratic model at each xk and solve the quadratic problem at every
step.

@ SQP uses similar idea: It builds a QP at each step,
f:R" = R, c:R" > R™

min f(X) s.t. ¢(X)=0

Let A(X) be the Jacobian of ¢(X):

AX)=(Va Ve -+ Venm )T

The Lagrangian £(X, X) = f(X*) = AT ¢()

o The KKT condition: VF(3*) — A(X*)TA* =0, ¢(¥*) =0
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Newton's method

Vi L(X, ) ] _ [ VF(R) = AR)TX
(%) (%)

solution X*, X* must satisfy the KKT condition = F(X*, X*) = 0.

o Let F(X,X) = [ ] The optimal

@ Using Newton's method to solve F = 0.
Vol —AX)T ]

@ The Jacobian VF(X,\) = [ A(R) 0

@ The Newton step

where

VL —AL [ B ] [ —Vh+ Al X 2)
A 0 B

(We use Ak = A(%k), fk = f()?k), and Ci = C()?k))
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Alternative formulation

@ To simply that, we examine the first equation
VLB — ALl = =V i + Al Xi

o Since AGx)T (X + 0i) = A(xk) T Xks1, we can rewrite (2) as

L]
Ax 0 —Akt1 —Ck

o If Ay is of full row-rank and Z7V2 LZ is positive definition, where Z

is the null space of spanAy, then the above equation solves the
following QP

1
mjn EﬁTvxxﬁﬁ + vxfkTﬁ
P

st. Akp+ck=0

e For inequality, we can are the similar technique: Axp+ cx >0
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The sequential quadratic programming

Algorithm: The sequential quadratic programming

O Given Xp.
Q@ For k=0,1,2,... until converge
@ Solve .
mﬁin =BV LBk + VF] B
k
Subject to

V(%) Pk +ci(%)=0 i€
Vei(R) B+ c(X) >0 ieT

@ Set Xiy1 = Xk + Pk

(UNIT 8) Numerical Optimization April 27, 2011 19 /20



Problem of SQP

@ For inequality constraints, linearization may cause inconsistent
problem. For example, consider the constraints

cq : x—1<0
o 1 x>—4>0

The feasible region is x < —2.

@ The linearization of ¢; and ¢ at x = 1 becomes

Velp+alx)<0 | p<0
Vel B+ ca(x) >0 2p—3>0"

for which feasible region is empty.
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