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Lecture Notes 2.3: QR Decomposition

Lecturer: Che-Rung Lee Scribe:Chang Yafang

1 QR Decomposition

• Gram-Schmit process

• Householder reflector

• Givens rotation

1.1 Linear Algebra

• The meaning of a vector

a⃗ =


a1
a2
...
an

 = a1


1
0
...
0

+ a2


0
1
0
...

+ · · ·+ an


0
...
0
1



Figure 1: Example of a three dimensional vector (−1, 2, 3).
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• Example : If x⃗ =

[
1
2

]
= x1a⃗+ x2⃗b, shown as Figure 2(a) , find the values of x1 and

x2.

(a) (b)

Figure 2: Plots of the example.

a⃗ =

[
1
0.5

]
, b⃗ =

[
0.2
1

]
⇒ x1a⃗+ x2⃗b =

[
1
2

]
⇒

[
a⃗ b⃗

] [ x1
x2

]
=

[
1
2

]
⇒

[
1 0.2
0.5 1

] [
x1
x2

]
=

[
1
2

]

– We can use matrix A =

[
1 0.2
0.5 1

]
=

[
a⃗ b⃗

]
to find x1 and x2. But it is not

easy to solve, because A is not an orthogonal matrix.

– Now we want to find a matrix A′ =
[
a⃗′ b⃗′

]
(shown in Figure 4(b)) to make the

computation become easier.

–

A =
[
a⃗ b⃗

]
=

[
a⃗′ b⃗′

]
︸ ︷︷ ︸

Q

[
r11 r12
r21 r22

]
︸ ︷︷ ︸

R

⇒
a⃗ = a⃗′r11 + b⃗′r21 (1)

b⃗ = a⃗′r12 + b⃗′r22 (2)

In (1) : a⃗ // a⃗′ and b⃗′ ̸= 0 ⇒ r21 = 0, such that R will be upper triangular.
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• Vector

1. a⃗,⃗b are orthogonal if a⃗T b⃗ = 0.

2. a⃗,⃗b are orthonormal if a⃗,⃗b are orthogonal and ∥a⃗∥ = ∥⃗b∥ = 1.

• Matrix Q is orthogonal, and Q = [q⃗1, q⃗2, ..., q⃗n]. (If it is in complex number domain,
then Q is called unitary.)

q⃗Ti q⃗j =

{
0, if i ̸= j
1, if i = j

⇒

1. Q−1 = QT . < proof > QTQ = I

2. ∀v⃗, ∥Qv⃗∥ = ∥v⃗∥. < proof > ∥Qv⃗∥2 = (Qv⃗)T (Qv⃗) = v⃗TQTQv⃗ = v⃗T v⃗ = ∥v⃗∥2

• A ∈ Rm×n, A = QR.

1. m = n,

2. m > n, there are two different sizes of decomposition.

(2.1)A = QR and (2.2)A = Q1R1

(2.1) equals (2.2), since Q = [Q1 Q2], R = [RT
1 0]T

⇒ QR = Q1R1 +Q20 = Q1R1.

, where

3. m < n
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1.2 Gram-Schmit process

•

A = [⃗a1, a⃗2, ..., a⃗n], Q = [q⃗1, q⃗2, ..., q⃗n], R =


r11 r12 · · · r1n

r22 · · · r2n
. . .

. . .

rnn


A = QR

⇔ a⃗1 = r11q⃗1

a⃗2 = r12q⃗1 + r22q⃗2
... =

...

a⃗n = r1nq⃗1 + r2nq⃗2 + · · ·+ rnnq⃗n

⇒ q⃗1 =
a⃗1
r11

and ∥q⃗1∥ = 1 ∴ r11 = ∥a⃗1∥

∥q⃗1∥2 = q⃗T1 q⃗1 =
a⃗T1 a⃗1
∥a⃗1∥2

= 1

q⃗2 =
a⃗2 − r12q⃗1

r22
and q⃗1⊥q⃗2 ⇔ q⃗T1 q⃗2 = 0

q⃗T1 q⃗2 =
q⃗T1 a⃗2 − r12q⃗

T
1 q⃗1

r22
= 0 ⇒ r12 = q⃗T1 a⃗2

q⃗2 // (⃗a2 − r12q⃗1) , ∥q⃗2∥ = 1 , r22 = ∥a⃗2 − r12q⃗1∥
...

q⃗3 =
a⃗3 − r13q⃗1 − r23q⃗2

r33
...

Figure 3: Part of schematic diagram of above derivation.
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• Projection Matrix

(a) (b)

Figure 4: Projection diagrams.

– In Figure 4(a), w⃗ = (v⃗T u⃗)u⃗ = [∥u⃗∥ ∥v⃗∥ cos θ] u⃗ = u⃗(u⃗T v⃗) = (u⃗u⃗T )v⃗ = P v⃗.
P is projection matrix.

– In Figure 4(b), if w⃗ = αu⃗1 + βu⃗2 , find the values of α and β .

(v⃗ − w⃗)⊥u⃗1 and (v⃗ − w⃗)⊥u⃗2

u⃗T1 (v⃗ − w⃗) = u⃗T1 v⃗ − u⃗T1 w⃗ = u⃗T1 v⃗ − u⃗T1 (αu⃗1)− u⃗T1 (βu⃗2) = 0

⇒ α = u⃗T1 v⃗

u⃗T2 (v⃗ − w⃗) = u⃗T2 v⃗ − u⃗T2 (αu⃗1)− u⃗T2 (βu⃗2) = 0

⇒ β = u⃗T2 v⃗

w⃗ = u⃗1u⃗
T
1 v⃗ + u⃗2u⃗

T
2 v⃗ =

(
u⃗1u⃗

T
1 + u⃗2u⃗

T
2

)︸ ︷︷ ︸
Pu⃗1u⃗2

: projection matrix

v⃗

Let U = (u⃗1 u⃗2) ⇒ Pu⃗1u⃗2
= UUT = PU .

Then if U = [u⃗1 u⃗2 u⃗3 · · · u⃗n], PU = UUT .

– In Figure 4(a), v⃗ = w⃗ + z⃗, w⃗ // u⃗ , z⃗⊥u⃗

z⃗ = v⃗ − w⃗ = v⃗ − UUT v⃗ = (I − UUT )︸ ︷︷ ︸
P⊥

v⃗

Algorithm 1 Gram-Schmit Process Algorithm

1. Q1 =
a⃗1

∥a⃗1∥
, r1 = ∥a⃗1∥

2. For i = 0, 1, 2, . . . , n

3. v⃗ = (I −Qi−1Q
T
i−1)⃗ai = a⃗i −Qi−1Q

T
i−1a⃗i

4. Qi =

[
Qi−1

v⃗
∥v⃗∥

]
, rii = ∥v⃗∥
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• Complexity

T (n) = (
n∑

i=2

4mi) + 3m

= 4m
(n+ 2)(n− 1)

2
+ 3m

= 2mn2 + 2mn−m

1.3 Householder reflector

(a) (b)

Figure 5: Reflector diagrams.

• 1. Given u⃗ and w⃗, ∥w⃗∥ = 1, shown as Figure 5(a), compute u⃗′.

z⃗ = (I − w⃗w⃗T )u⃗

u⃗ = z⃗ + w⃗w⃗T u⃗

⇒ u⃗′ = w⃗w⃗T u⃗− z⃗

= w⃗w⃗T u⃗− u⃗+ w⃗w⃗T u⃗

= − (I − 2w⃗w⃗T )︸ ︷︷ ︸
reflector

u⃗

NOTE : We can choose w⃗ as another direction, shown as Figure 5(b). Then we
can find

u⃗′ = (I − w⃗w⃗T )u⃗− w⃗w⃗T u⃗ = (I − 2w⃗w⃗T )︸ ︷︷ ︸
reflector

u⃗

2. Given u⃗ and u⃗′ , shown as Figure 5(a), compute w⃗.

v⃗ =
u⃗+ u⃗′

2
, w⃗ =

v⃗

∥v⃗∥

NOTE : We can choose w⃗ as another direction, shown as Figure 5(b). Then we
can find

v⃗ =
u⃗′ − u⃗

2
, w⃗ =

v⃗

∥v⃗∥
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• Householder reflector features :
H = I − 2w⃗w⃗T , ∥w⃗∥ = 1

1. H is symmetric.
HT = I − 2(w⃗T )T w⃗T = I − 2w⃗w⃗T = H

2. H is orthogonal.

HTH = (I − 2w⃗w⃗T )(I − 2w⃗w⃗T )

= I − 2w⃗w⃗T − 2w⃗w⃗T + 4w⃗w⃗T w⃗w⃗T

= I − 4w⃗w⃗ + 4w⃗w⃗

= I

⇒ H−1 = HT = H

• Example :

v⃗1 = a⃗1 − ∥a⃗1∥e⃗1 , w⃗1 =
v⃗1

∥v⃗1∥
, A = [⃗a1, a⃗2, · · · , a⃗n]

H1 = I − 2w⃗1w⃗
T
1

H1A =


∥a⃗1∥ △ · · · △
0
... A(1)

0

 , A(n×n) , A
(1)
(n−1×n−1)

H2A
(1) =


∥a⃗(1)1 ∥ △ · · · △

0
... A(2)

0

 , A
(2)
(n−2×n−2)

H2 = I − 2w⃗2w⃗
T
2

Question : A = QR, how can we find Q? ⇒ Using Ĥ2 =

[
0 0⃗T

0⃗ H2

]
.

Another question : is Ĥ2 orthogonal?

Ĥ2 =

[
0 0⃗T

0⃗ H2

]
⇒ Ĥ2

T
Ĥ2 =

[
0 0⃗T

0⃗ HT
2

] [
0 0⃗T

0⃗ H2

]
=

[
0 0
0 I

]
⇒ Ĥ2 is not orthogonal. So we can do some modification of Ĥ2.

Ĥ2 =

[
1 0⃗T

0⃗ H2

]
⇒ Ĥ2

T
Ĥ2 =

[
1 0⃗T

0⃗ HT
2

] [
1 0⃗T

0⃗ H2

]
=

[
1 0
0 I

]
= I

⇒: Ĥ2 is orthogonal right now.

NOTE : If A and B are orthogonal matrices, the AB is also orthogonal.
< proof > (AB)TAB = BTATAB = BTB = I
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Algorithm 2 QR decomposition using Householder reflector

1. Let R(0) = A

2. For i = 1, 2, . . . , n− 1

3. Ĥi =

[
I 0
0 Hi

]
where HiR

(i−1)(i, i : n) = ∥R(i−1)(i, i : n)∥e1

4. R(i) = ĤiR
(i−1)

End for

5. R = R(n−1), Q = ĤT
1 Ĥ

T
2 · · · ĤT

(n−1)

• Complexity
Let size of Hi being k × k, where k = n− i+ 1.

– Step 3, Hi = I − 2w⃗iw⃗
T
i , w⃗i =

a⃗1 − ∥a⃗1∥e⃗1
∥⃗a1 − ∥a⃗1∥e⃗1∥

1. ∥a⃗1∥ : 2k.

2. a⃗1 − ∥a⃗1∥e⃗1 : O(1).

3. Normalize w⃗i : O(1).

– Step 4,
ĤiR

(i−1) = HiR
(i−1)(i : n, i : n)︸ ︷︷ ︸

Ti

= (I − 2w⃗iw⃗
T
i )Ti = Ti − 2w⃗i(w⃗

T
i Ti) : 4k

2.

(a) (b)

Figure 6: Schematic diagrams of Algorithm 2.

–

T (n) = T (n− 1) + 2n+ 4n2

=

n∑
k=1

[4k2 + 2k + c]

= 4 · 1
6
n(n+ 1)(2n+ 1) + 2 · 1

2
n(n+ 1) + c · n

≈ 4

3
n3

– Step 5,
I − 2w⃗w⃗T : 2n2.
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Ĥi =

[
I 0
0 Hi

]
, B =

[
B11 B12

B21 B22

]
, ĤiB =

[
B11 B12

HiB21 HiB22

]
: 4kn.

T (n) = T (n− 1) + 2n2 +

n−1∑
k=2

4kn

= 2n2 + 4n
(n+ 1)(n− 1)

2
≈ 2n3
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