
Full Orthogonal Method (FOM) Conjugate Gradient (CG)

1. q1 = b/∥b∥, Q1 = [q1], T1 = qT1 Aq1,
(Aq1 = q1T1 + ¯1q2)

2. For k = 1, 2, . . .

(a) yk = ∥b∥T−1
k e1.

(b) If ∥rk∥ = ∣¯kyk(k)∣ is small enough,
Return xk = Qkyk.

(c) Expand Qk+1 = [Qk qk+1] and

Tk+1 =

[
Tk tk
¯ke

T
k qTk+1Aqk+1

]
by

Lanczos method.

(AQk+1=Qk+1Tk+1+¯k+1qk+2e
T
k+1)

1. r0 = b− Ax0, p0 = r0

2. For k = 1, 2, . . .

(a) ±k =
rTk−1rk−1

rTk−1Apk−1

.

(b) xk = xk−1 + ±kpk−1

(c) rk = rk−1 − ±kApk−1

(d) If ∥rk∥ is small enough,
Return xk.

(e) °k =
rTk rk

rTk−1rk−1

(f) pk = rk + °kpk−1

Theorem 1 CG is FOM for symmetric positive definite matrices.

Outline of the proof (From FOM to CG)

1. Tk = LkUk

2. yk = T−1
k ∥b∥e1 = U−1

k L−1
k ∥b∥e1

3. xk = Qkyk = xk−1 + ±kpk

4. rk = rk−1 − Apk

5. pk = rk + °kpk−1

6. Derive ±k and °k

Step I:

Tk =

⎛
⎜⎜⎜⎝

®1 ¯1

¯1 ®2 ¯2

¯2 ®3 ¯3

. . . . . . . . .

⎞
⎟⎟⎟⎠ = LkUk

Lk =

⎛
⎜⎜⎜⎝

1
¸1 1

¸2 1
. . . . . .

⎞
⎟⎟⎟⎠

Uk =

⎛
⎜⎜⎜⎝

¹1 ¯1

¹2 ¯2

¹3 ¯3

. . . . . .

⎞
⎟⎟⎟⎠
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Step II:

T−1
k = U−1

k L−1
k

L−1
k =

⎛
⎜⎜⎜⎜⎜⎝

1
−¸1 1
¸1¸2 −¸2 1

...
...

. . . . . .

(−1)k−1¸1¸2 ⋅ ⋅ ⋅¸k−1 . . . . . . −¸k−1 1

⎞
⎟⎟⎟⎟⎟⎠

U−1
k =

(
U−1
k−1 −¯k−1/¹kU

−1
k−1ek

0 1/¹k

)

yk =

⎛
⎜⎜⎜⎝

´1
´2
...
´k

⎞
⎟⎟⎟⎠ = T−1

k ∥b∥e1 = ∥b∥U−1
k L−1

k e1 = ∥b∥U−1
k zk

zk =

⎛
⎜⎜⎜⎝

³1
³2
...
³k

⎞
⎟⎟⎟⎠ =

(
zk−1

³k

)

³k = −¸k−1³k−1 = (−1)k−1¸1¸2 ⋅ ⋅ ⋅¸k−1

Step III:

xk = Qkyk = ∥b∥QkU
−1
k zk

=
(
Qk−1 qk

)( U−1
k−1 −¯k−1/¹kU

−1
k−1ek

0 1/¹k

)(
zk−1

³k

)

= Qk−1U
−1
k−1 −¯k−1Qk−1U

−1
k−1ek/¹k + qk/¹k

(
zk−1

³k

)

= Qk−1U
−1
k−1zk−1 + (−¯k−1Qk−1U

−1
k−1ek + qk)

³k
¹k

= xk−1 + (−¯k−1Qk−1U
−1
k−1ek + qk)

³k
¹k

Let p̂k = (−¯k−1Qk−1U
−1
k−1ek + qk)

³k
¹k
. Observe that

p̂k = ³kQkU
−1
k ek

=
¯k−1¸k

¹k

p̂k−1 +
³k
¹k

qk

Step IV:
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Consider the residual rk+1 = b− Axk.

rk+1 = b− Axk

= b− A(xk−1 + p̂k)

= (b− Axk−1)− Ap̂k

= rk − Ap̂k

Also,

rk+1 = b− Axk

= b− AQkyk

= b− (QkTk + ¯kqk+1ek)yk

= b−QkTkyk + ¯kqk+1´k

Since Tkyk = ∥b∥e1 and q1 = b/∥b∥,
b−QkTkyk = b− ∥b∥Qke1 = b− ∥b∥q1 = 0.

In addition, ´k is the last element of U−1
k zk, which is ³k/¹k. As the result, rk+1 = −¯k³k/¹kqk+1.

From the LU decomposition, we know that ¯k/¹k = ¸k. Combining with (), we have

rk = ³kqk. (1)

Since ∥qk∥ = 1, ∥rk∥ = ∣³k∣.

Step V:

Let pk = ¹kp̂k.

pk = ¯k−1¸k−1p̂k−1 + ³kqk

=
¯k−1

¹k−1

¸k−1pk−1 + rk

= (¸k−1)
2pk−1 + rk.

Let ±k = 1/¹k and °k = (¸k−1)
2.
⎧
⎨
⎩

xk = xk−1 + ±kpk,
rk = rk−1 − ±kApk,
pk = °kpk−1 + rk,

(2)

Step VI:

How to compute ±k and °k?

°k = ¸2
k−1 =

³2k
³2k−1

=
∥rk∥
∥rk−1∥ =

(rk, rk)

(rk−1, rk−1)

We know that rk is parallel to qk, which means they are orthogonal. Multiplying rTk−1 to
(2), we have

±k =
(rk−1, rk−1)

(rk−1, Apk)
.

3


