Full Orthogonal Method (FOM)

Conjugate Gradient (CG)

Lg = b/HbH7 Q1 = [91]; T, = QipAQM
(Aqr = i Th + Brge)

2. Fork=1,2,...

(a) yr = [Ib]| T, "er.

(b) Tf il = | By (k)] is small enough,
Return z, = Qrys.

(C) Expand Q41 = [Qk Qk+1] and
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Lanczos method.

(AQk+1= Qi1 Ths1+Brr1G+2€4 1)

Tk+1 =
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(b) Tp = xp—1 + Sppr—1
(¢) ri =Tp—1 — OpADPK—1
(d) If ||rx|| is small enough,

Return xy.
T%Tk
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(f) pr =7 + VePe—1

Outline of the proof (From FOM to CG)
1. Ty = LUy

2.y =Tp [bller = Uy Ly | blles

3. p = QrYr = Tp—1 + Okpy

4. ry =11 — Apg

5. Pr = Tk + VkPk-1

6. Derive d; and
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Theorem 1 CG s FOM for symmetric positive definite matrices.
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Step II:
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Let pr = (—Br1Qr—1U; er, + qk)%. Observe that
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Step IV:



Consider the residual ry, = b — Axy.

The1 = b— Az
b— A(xp_1 + Dr)
= (b— Axyp_1) — Apy

= 1 — Apr
Also,
Tk+1 = b— Al’k
b — AQryr

= b— (QkTk + BrGr+1€x) Yk
= b— QuThyr + BrQr+1Mk
Since Tryx = ||b]|ex and ¢; = b/||b]|,

b— QrTiyr = b — [|b]|Qrer = b —[|b]lq1 = 0.

In addition, 7 is the last element of Uk_lzk, which is (/. Astheresult, i1 = —BrCr/ e Qrr1-
From the LU decomposition, we know that 5/, = A\x. Combining with (), we have

Tk = CrQk- (1)
Since ||gx|| = 1, ||7&]| = |Ckl-
Step V:
Let px = ppr-
P = ﬁkfl)\kflﬁkfl + Cka
Br—
- =& 1)\k71pk71 + Tk
Hi—1

= ()‘k—l)2pk—1 + 7.
Let 6y = 1/, and v, = (\e_1)%
T = Tp—1 + OkPk,
Tk = Tp—1 — O Apy, (2)
Dk = VkPk—1 + Tk,
Step VI:

How to compute d; and ~,7
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We know that 7y is parallel to g, which means they are orthogonal. Multiplying r{ | to
(2), we have

(Tkz—l, 7"1:—1)

O, = .
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